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Abstract: A molecular graph is hydrogen deleted simple connected graph in which vertices and edges
are represented by atoms and chemical bonds, respectively. Topological indices are numerical
parameters of a molecular graph which characterize its topology and are usually graph invariant. In
Mathematical chemistry, topological descriptors play an important role in modeling different physical
and chemical activities of molecules. In this study, the generalized Zagreb index for three types of
carbon nanotubes is computed. By putting some particular values to the parameters, some important
degree-based topological indices are also derived.
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1. Introduction

Throughout this article, we consider only a simple connected graph. Let G =
(V(G), E(G)) be a graph with V(G) and E (G) as vertex and edge sets, respectively. The degree
of a vertex v € V(G)is denoted by d;(v), is the total count of nodes connected to v in G.
Mathematical Chemistry is a topic of inquiry in chemistry wherein mathematical tools are often
used to deal with the issues of chemistry. Chemical graph theory is an active research area in
mathematical chemistry that interacts with the topology of chemical composition, such as the
mathematical study of isomerism and the advancement of topological indices. A topological
index is a real number obtained from the graph mathematically or, more generally, a molecular
descriptor that allows us to understand some of the physical and chemical properties of
molecules. Lots of topological indices have been designed in the literature. The present work
deals with the degree-based topological indices of carbon nanotubes. The first degree based
indices are the Zagreb indices introduced by Gutman and Trinajestic’ [1] to investigate the
total m—electron energy of carbon atoms. They are formulated as follows:

M@= ) de@?= ) [dg +dg(v)]
vev(G) uveE(G)
and

M@ = ) deds().
UveEE(G)
The forgotten topological index or F-index was introduced by Furtula and Gutman in

2015 [2]. It was formulated as,
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F@= ) de@P= > [ds@)? + de (@)L
veV(G) uveE(G)
Ranjini et al. in [3] introduced following redefined Zagreb index in 2013

ReZM(G) = ) dg(w)ds()[ds () + dg(®)]
UveE(G)
Li and Zheng [4] presented the idea of the general Zagreb index which is defined as

MA©) = ) de(w)*
uev(G)
where, @ # 0,1, and a € R. Thus, a = 2 produces the first Zagreb index, and ¢ = 3 yields
the F-index. Gutman and Lepovic’, first generalized the Randic’ index in 2001 [5] and is
defined as

Ry= ) {de(w)ds)}°
UveEE(G)
where,a # 0, @ € R.
The Symmetric division deg index of a graph is formulated as
- 3, (D
UveE(G) G G
For more discussion about it, readers are referred to [6-8]. Azari et al. in [9] presented
a generalized degree-based topological index, known as generalized Zagreb index or the
(a,b) —Zagreb index and is defined as follows:
Zan@ = ) [de(@de () + dg@)ds (v)°].
UveE(G)
The relationship between (a, b) —Zagreb index and different particular degree-based
indices are shown in Table 1.

Table 1. Relations between (a, b)-Zagreb index with some other topological indices.

Topological index Corresponding generalized Zagreb index
M,(G) Z1,00(G)
M, (G 1
2(®) 52(1,1)(5)
F(G) Z(2,0)(G)
ReZM(G) Z21)(G)
M*(G) Za-1,0(G)
R.(G 1
a( ) Ez(a,a)(G)
SDD(G) Z(1,-1)(G)

A nanostructure is an intermediate object between microscopic and molecular
structures. It is a molecular-scale product obtained from engineering. Nanotubes are very good
thermal conductors and are an ideal material for applications in electronics and optics. The
most important class of such materials is carbon nanotubes. Carbon nanotubes are carbon
allotropes with cylindrical molecular structures, having diameters ranging from a few
nanometers and lengths to several millimeters. The present work deals with the nanotubes
covered by C; and C,. Hayat and Imran [10] obtained some degree based indices of
VCsCylp,ql, HCsCy[p, q], and SCsC,[p, q]. Mondal et al. [11] calculated topological indices
of some nanostructures. Farahani [12] derived the generalized Zagreb index of circumcoronene
series of benzenoid. Sardar et al. [13] computed the generalized Zagreb index of the structure
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of the Capra-designed planar benzenoid series. For more works on this field, readers are
referred to [14-22].

2. Materials and Methods

Our main results include degree-based topological indices of three types of carbon
nanotubes. Firstly we obtain the generalized Zagreb index, and then by putting some particular
values to the parameters, some important degree-based topological indices are computed. To
compute the outcomes, it was used the method of combinatorial computing, vertex partition
method, edge partition method, graph-theoretical tools, analytic techniques, and degree
counting method.

3. Results and Discussion

The present section deals with the derivation of (a,b)-Zagreb index for some nanotubes
covered by Cs and C,. We start with the nanotube VC5C;[p, q]. The two-dimensional structure
of VCsC,[p, q] is depicted in Figure 1. Its edge partition is shown in Table 2.

LTI
9=09=00=¢
a8 S (D S ()
U
L
R U
(D S D S ()

Figure 1.The graph of VCsC,[p, q] nanotube withp = 3andq = 4.

Table 2. Edge partition of VC5C,[p, q] nanotubes based on degrees of end vertices of each edge.

(d(w),d(v)),uv € E(G) Number of edges
(2,2 P
(2,3) 10p
3.3) 24pg-14p

E,(VCsCylp, q]) = {fuv € E(VCsCy[p, q]):d(w) = 2,d(v) = 2},
E,(VCsCylp,q]) = {uv € E(VCsCy[p, qD):d(w) = 2,d(v) = 3},
E;(VCsCylp,q)) = {uv € E(VCsCy[p, q]):d(w) = 3,d(v) = 3}

Theorem 1. The (a, b) —Zagreb index of VCsC,[p, q] is given by
Zapn(VCsCylp, ql) = p. 2840+ + 10p(243P + 223%) + 4p(12q — 7)3@+D).
Proof. Applying the definition of general Zagreb index, we have from Table 1, 2,
ZanWCsGlpaD = ) (@A)’ + dw)*dv)®)
uv€E(VCsC7[p.q))
=) @@’ +dw) dw)Y)
uv€E1 (VCsCy[p.q])
Y @@rd®” + A dw)®)
uve2(VCsCs[p,ql)
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+ Z d@W*d®)? + dw)Pd(v)%)
uveE3(VCsCy[p.ql)
= |E,(VCsCqlp, qD)| (292° + 2P2%)
+E2(VCsCrlp, q)| (2937 + 2°3%)
+|E3(VCsCrlp, qD| (3937 +373%)
= p.2.2%0 + 10p(293P + 2039) + (24pq — 14p). 2.3(@+D)
= p.29%b+1 4 10p(293P + 2039) + 4p(12g — 7)3(@*D),
Hence, the theorem. i
Corollary 1. Using Theorem 1, we have the following results:
(i) Mi(G) = Z,,(G) = 144pq — 30p,
(i) Mp(G)  =5Z1,(G) = 432pq — 124p,
(i) F(G) = Z,,(G) = 432pq — 114p,
(iv) ReZM(VC5Cy(p, q]) = Z(2,1y(VCsCy[p, q]) = 1296pq — 440p,
(V) SDD(VCsC,[p,ql) = Za1,-1)(VCsCrlp, q1) = 4pq — p.
Theorem 2. The (a, b) —Zagreb index of HC;C,[p, q] is given by
Zap(HCsCh[p, q]) = 8p(293P + 223%) + 4p(12q — 5)3@+D).
Proof. The two-dimensional structure of HCsC,[p, q] is shown in Figure 2. Its edge partition
is shown in Table 3.

Figure 2.The graph of HC;C;[p, q] nanotube withp = 3andgq = 3.

Table 3. Edge partition of HC5C,[p, q] nanotubes based on degrees of end vertices of each edge.

(d(u),d(v) ), uv € E(G) Number of edges
(2,3) 10p
(3,3) 24pg-14p

El(HCSC7[p; QD = {uv € E(VCSC7[p' QD d(u) = th(v) = 3}1
E,(HCsCqlp,ql) = {uv € E(VCsCylp, qD:d(u) = 3,d(v) = 3}
Using the definition of general Zagreb index, we have from Table 1, 3,
Zan@HCGGad = ) (@@ @) +dwd®))
uv€E(HCsC7([p.q])
=) @@ + AW dw)®)
UvEE1 (HCs5Cy([p,ql)
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) @AW + @)
uve2(HCsC,[p.q])
= |EL(HCsCy[p, qD)| (223° + 2°39)
+|E3(HCsC,[p, qD| (393" +3739)
= 8p(293P + 223%) + (24pq — 10p). 2.3(@+D)
= 8p(2%3P + 2P39) + 4p(12q — 5)3(@+D),
Hence, the theorem. m]
Corollary 2. From Theorem 2, we have the following results:
() Mi(HCsCq[p,q)) = Z1,,(HCsCo[p, q]) = 144pq — 20p,
(i) Mp(HCsC[p,q])  =5Z11(HCsC;[p,q]) = 216pq — 42p,
(iii) F(HCsCy[p, q]) = Z,,0(HCs5C7[p, q]) = 432pq — 76p,
(iv) ReZM(HC5Cy[p, q]) = Z(2,1)(HC5Co[p, q]) = 1296pgq — 300p,
(v) SDD(HCsC,[p,q)) = Z,-1)(HCsCo[p, q]) = 48pq — 2,

(Vi) Ra(HCsCo[p,q) =3 Z(aay (HCsCy[p,q]) = 24pq™** + 8p.6% — 10p.q%,
(Vi)M*(HCsC;[p, q]) = Z(q—1,0)(HCsC;[p, q]) = 8p.2%71 — 12p. 37" — 48pq.3%7%.
Theorem 3. The (a, b) —Zagreb index of SCsC,[p, q] is given by

Z(ap)(SCsCyp, q]) = p.29+P*1 + 6p(293P + 203%) + 6p(4q — 3).3@HD),
Proof. The two-dimensional structure of SC5C;[p, q] is depicted in Figure 3. Its edge partition
is shown in Table 4.

Figure 3.The graph of SC;C,[p, q] nanotube withp = 4andq = 4.

Table 4. Edge partition of SC5C;[p, q] nanotubes based on degrees of end vertices of each edge.

(d(u),d(v) ),uv € E(G) Number of edges
(2,2) P
23 6p
(3,3) 12pg-9p

E1(SCsCy[p, q]) = {uv € E(SCsCy[p, q): d(w) = 2,d(v) = 2},
E5(SCsCqlp, q]) = {uv € E(VCsCy[p, qD):d(w) = 2,d(v) = 3},
E3(SCsCylp,q]) = {uv € E(VCsCy[p, qD):d(w) = 3,d(v) = 3}
Using the definition of general Zagreb index and the edge partition (Table 4), we have
from Table 1,

Zan@CsClpaD = Y (@ @) +dwPd)®)
uveE(SCsCr7[p.ql)
=) @@ + AW )
UVEE1(SCsC7[p.al)
https://biointerfaceresearch.com/ 8005
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4 Z d@W*d®)? + dw) d(v)%)
Uv€EE,(SCsC7[p.q])
+ Z d@*d®)? + dw)d@))
UvE€E3(SCsC7[p,q])
= |E1(SCsCo[p, qD)| (272" + 2P2%)
+E2(SCsCrlp, qD)| (2937 + 2739)
+E5(SCsCylp, qD)| (3937 + 3739)
= 2p.2(@+D) 4 6p (293P + 203%) + (12pq — 9p). 2.3(¢+D)
= p.20%0+1 4 6p(293P + 2P3%) + 6p(4q — 3).3(*D),
Hence, the theorem. o
Corollary 3. From Theorem 3, we have the following results:
(i) M (SCsCqlp, ql) = Z1,0(SCsCy[p,q]) = 72pq — 20p,
(i) My(SCsCrlp,a)  =321:(SCsColp,q]) = 108pq — 41p,
(i)  F(SCsGrlp,ql) = Z2,0(SCsCo[p,q]) = 216pq — 76p,
(V) ReZM(SCsC;[p,ql) = Z(3,1)(SCsC7[p, q]) = 648pq — 290p,
(V) SDD(SCsCy[p,q]) = Z1,-1)(SCsCy [p,q]) = 24pq — 3p,
Vi) Re(SCsCr[p.ql) =3 Zaaw(SCsCrlp,q)) = (4% + 6% — 32@D)p 4
4. 32a+1.pq'
(vii)  M*(SCsCqlp,q]) = Z(a-1,0)(SCsC7[p, q]) = 4(2% — 3%)p + 8.3% pq.

3. Conclusions

In this paper, we obtain the exact expressions of (a, b)-Zagreb index of some nanotubes
covered by Cs and C;. Assigning some particular values to a, b, some well-established degree-
based topological indices are derived. This work would help to understand the physicochemical
properties, chemical reactivity, and biological activity of the nanostructures under
consideration. The (a, b)-Zagreb index of several other structural features may be obtained for
further analysis.
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