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Abstract: A molecular graph is hydrogen deleted simple connected graph in which vertices and edges 

are represented by atoms and chemical bonds, respectively. Topological indices are numerical 

parameters of a molecular graph which characterize its topology and are usually graph invariant. In 

Mathematical chemistry, topological descriptors play an important role in modeling different physical 

and chemical activities of molecules. In this study, the generalized Zagreb index for three types of 

carbon nanotubes is computed. By putting some particular values to the parameters, some important 

degree-based topological indices are also derived. 

Keywords: Molecular graph; degree; topological index; generalized Zagreb index; carbon nanotube. 

© 2020 by the authors. This article is an open-access article distributed under the terms and conditions of the Creative 

Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/). 

1. Introduction 

Throughout this article, we consider only a simple connected graph. Let 𝐺 =

(𝑉(𝐺), 𝐸(𝐺)) be a graph with 𝑉(𝐺) and 𝐸(𝐺) as vertex and edge sets, respectively. The degree 

of a vertex 𝑣 ∈ 𝑉(𝐺)is denoted by 𝑑𝐺(𝑣), is the total count of nodes connected to 𝑣 in 𝐺. 

Mathematical Chemistry is a topic of inquiry in chemistry wherein mathematical tools are often 

used to deal with the issues of chemistry. Chemical graph theory is an active research area in 

mathematical chemistry that interacts with the topology of chemical composition, such as the 

mathematical study of isomerism and the advancement of topological indices.  A topological 

index is a real number obtained from the graph mathematically or, more generally, a molecular 

descriptor that allows us to understand some of the physical and chemical properties of 

molecules. Lots of topological indices have been designed in the literature. The present work 

deals with the degree-based topological indices of carbon nanotubes. The first degree based 

indices are the Zagreb indices introduced by Gutman and Trinajestic′ [1] to investigate the 

total 𝜋–electron energy of carbon atoms. They are formulated as follows: 

𝑀1(𝐺) = ∑ 𝑑𝐺(𝑣)2 = ∑ [𝑑𝐺(𝑢) + 𝑑𝐺(𝑣)]

𝑢𝑣∈𝐸(𝐺)𝑣∈𝑉(𝐺)

 

and 

𝑀2(𝐺) = ∑ 𝑑𝐺(𝑢)𝑑𝐺(𝑣).

𝑢𝑣∈𝐸(𝐺)

 

The forgotten topological index or F-index was introduced by Furtula and Gutman in 

2015 [2]. It was formulated as, 
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𝐹(𝐺) = ∑ 𝑑𝐺(𝑣)3 = ∑ [𝑑𝐺(𝑢)2 + 𝑑𝐺(𝑣)2].

𝑢𝑣∈𝐸(𝐺)𝑣∈𝑉(𝐺)

 

Ranjini et al. in [3] introduced following redefined Zagreb index in 2013  

𝑅𝑒𝑍𝑀(𝐺) = ∑ 𝑑𝐺(𝑢)𝑑𝐺(𝑣)[𝑑𝐺(𝑢) + 𝑑𝐺(𝑣)]

𝑢𝑣∈𝐸(𝐺)

. 

Li and Zheng [4] presented the idea of the general Zagreb index which is defined as 

𝑀𝛼(𝐺) = ∑ 𝑑𝐺(𝑢)𝛼

𝑢∈𝑉(𝐺)

 

where, 𝛼 ≠ 0, 1, 𝑎𝑛𝑑 𝛼 ∈ ℝ. Thus, 𝛼 = 2 produces the first Zagreb index, and 𝛼 = 3 yields 

the F-index. Gutman and Lepovic′, first generalized the Randic′ index in 2001 [5] and is 

defined as 

𝑅𝛼 = ∑ {𝑑𝐺(𝑢)𝑑𝐺(𝑣)}𝛼

𝑢𝑣∈𝐸(𝐺)

 

where,𝛼 ≠ 0, 𝛼 ∈ ℝ. 

The Symmetric division deg index of a graph is formulated as 

𝑆𝐷𝐷(𝐺) = ∑ [
𝑑𝐺(𝑢)

𝑑𝐺(𝑣)
+

𝑑𝐺(𝑣)

𝑑𝐺(𝑢)
𝑢𝑣∈𝐸(𝐺)

]. 

For more discussion about it, readers are referred to [6-8]. Azari et al. in [9] presented 

a generalized degree-based topological index, known as generalized Zagreb index or the 

(𝑎, 𝑏) −Zagreb index and is defined as follows: 

𝑍(𝑎,𝑏)(𝐺) = ∑ [𝑑𝐺(𝑢)𝑎𝑑𝐺(𝑣)𝑏

𝑢𝑣∈𝐸(𝐺)

+ 𝑑𝐺(𝑢)𝑏𝑑𝐺(𝑣)𝑎]. 

The relationship between (𝑎, 𝑏) −Zagreb index and different particular degree-based 

indices are shown in Table 1.  

 

Table 1. Relations between (𝑎, 𝑏)-Zagreb index with some other topological indices. 

Topological index Corresponding generalized Zagreb index 

𝑴𝟏(𝑮) 𝑍(1,0)(𝐺) 

𝑴𝟐(𝑮) 1

2
𝑍(1,1)(𝐺) 

F(G) 𝑍(2,0)(𝐺) 

ReZM(G) 𝑍(2,1)(𝐺) 

𝑴𝜶(𝑮) 𝑍(𝛼−1,0)(𝐺) 

𝑹𝜶(𝑮) 1

2
𝑍(𝛼,𝛼)(𝐺) 

SDD(G) 𝑍(1,−1)(𝐺) 

 

A nanostructure is an intermediate object between microscopic and molecular 

structures.  It is a molecular-scale product obtained from engineering. Nanotubes are very good 

thermal conductors and are an ideal material for applications in electronics and optics. The 

most important class of such materials is carbon nanotubes. Carbon nanotubes are carbon 

allotropes with cylindrical molecular structures, having diameters ranging from a few 

nanometers  and  lengths  to  several  millimeters. The present work deals with the nanotubes 

covered by 𝐶5 and 𝐶7.  Hayat and Imran [10] obtained some degree based indices of 

𝑉𝐶5𝐶7[𝑝, 𝑞], 𝐻𝐶5𝐶7[𝑝, 𝑞], and 𝑆𝐶5𝐶7[𝑝, 𝑞]. Mondal et al. [11] calculated topological indices 

of some nanostructures. Farahani [12] derived the generalized Zagreb index of circumcoronene 

series of benzenoid. Sardar et al. [13] computed the generalized Zagreb index of the structure 
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of the Capra-designed planar benzenoid series. For more works on this field, readers are 

referred to [14-22]. 

2. Materials and Methods 

 Our main results include degree-based topological indices of three types of carbon 

nanotubes. Firstly we obtain the generalized Zagreb index, and then by putting some particular 

values to the parameters, some important degree-based topological indices are computed. To 

compute the outcomes, it was used the method of combinatorial computing, vertex partition 

method, edge partition method, graph-theoretical tools, analytic techniques, and degree 

counting method. 

3. Results and Discussion 

The present section deals with the derivation of (a,b)-Zagreb index for some nanotubes 

covered by 𝐶5 and 𝐶7. We start with the nanotube 𝑉𝐶5𝐶7[𝑝, 𝑞]. The two-dimensional structure 

of 𝑉𝐶5𝐶7[𝑝, 𝑞] is depicted in Figure 1. Its edge partition is shown in Table 2.  

 
Figure 1.The graph of 𝑉𝐶5𝐶7[𝑝, 𝑞] nanotube with 𝑝 =  3 and 𝑞 =  4. 

Table 2. Edge partition of 𝑉𝐶5𝐶7[𝑝, 𝑞] nanotubes based on degrees of end vertices of each edge. 

(𝐝(𝐮), 𝐝(𝐯) ), 𝐮𝐯 ∈ 𝑬(𝑮) Number of edges 

(2,2) P 

(2,3) 10p 

(3,3) 24pq-14p 

𝐸1(𝑉𝐶5𝐶7[𝑝, 𝑞]) = {𝑢𝑣 ∈ 𝐸(𝑉𝐶5𝐶7[𝑝, 𝑞]): 𝑑(𝑢) = 2, 𝑑(𝑣) = 2}, 

𝐸2(𝑉𝐶5𝐶7[𝑝, 𝑞]) = {𝑢𝑣 ∈ 𝐸(𝑉𝐶5𝐶7[𝑝, 𝑞]): 𝑑(𝑢) = 2, 𝑑(𝑣) = 3}, 

𝐸3(𝑉𝐶5𝐶7[𝑝, 𝑞]) = {𝑢𝑣 ∈ 𝐸(𝑉𝐶5𝐶7[𝑝, 𝑞]): 𝑑(𝑢) = 3, 𝑑(𝑣) = 3}. 

Theorem 1. The (𝑎, 𝑏) −Zagreb index of 𝑉𝐶5𝐶7[𝑝, 𝑞] is given by  

𝑍(𝑎,𝑏)(𝑉𝐶5𝐶7[𝑝, 𝑞]) = 𝑝. 2𝑎+𝑏+1 + 10𝑝(2𝑎3𝑏 + 2𝑏3𝑎) + 4𝑝(12𝑞 − 7)3(𝑎+𝑏). 

Proof. Applying the definition of general Zagreb index, we have from Table 1, 2, 

𝑍(𝑎,𝑏)(𝑉𝐶5𝐶7[𝑝, 𝑞]) = ∑ (𝑑(𝑢)𝑎𝑑(𝑣)𝑏 + 𝑑(𝑢)𝑏𝑑(𝑣)𝑎)

𝑢𝑣∈𝐸(𝑉𝐶5𝐶7[𝑝,𝑞])

 

= ∑ (𝑑(𝑢)𝑎𝑑(𝑣)𝑏 + 𝑑(𝑢)𝑏𝑑(𝑣)𝑎)

𝑢𝑣∈𝐸1(𝑉𝐶5𝐶7[𝑝,𝑞])

 

+ ∑ (𝑑(𝑢)𝑎𝑑(𝑣)𝑏 + 𝑑(𝑢)𝑏𝑑(𝑣)𝑎)

𝑢𝑣∈2(𝑉𝐶5𝐶7[𝑝,𝑞])
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+ ∑ (𝑑(𝑢)𝑎𝑑(𝑣)𝑏 + 𝑑(𝑢)𝑏𝑑(𝑣)𝑎)

𝑢𝑣∈𝐸3(𝑉𝐶5𝐶7[𝑝,𝑞])

 

= |𝐸1(𝑉𝐶5𝐶7[𝑝, 𝑞])| (2𝑎2𝑏 + 2𝑏2𝑎) 

                                    +|𝐸2(𝑉𝐶5𝐶7[𝑝, 𝑞])| (2𝑎3𝑏 + 2𝑏3𝑎) 

                                    +|𝐸3(𝑉𝐶5𝐶7[𝑝, 𝑞])| (3𝑎3𝑏 + 3𝑏3𝑎) 

= 𝑝. 2. 2𝑎+𝑏 + 10𝑝(2𝑎3𝑏 + 2𝑏3𝑎) + (24𝑝𝑞 − 14𝑝). 2. 3(𝑎+𝑏) 

= 𝑝. 2𝑎+𝑏+1 + 10𝑝(2𝑎3𝑏 + 2𝑏3𝑎) + 4𝑝(12𝑞 − 7)3(𝑎+𝑏). 

Hence, the theorem.                                                                                          □ 

Corollary 1. Using Theorem 1, we have the following results: 

(i) 𝑀1(𝐺) = 𝑍1,0(𝐺) = 144𝑝𝑞 − 30𝑝, 

(ii) 𝑀2(𝐺)         =
1

2
𝑍1,1(𝐺) = 432𝑝𝑞 − 124𝑝, 

(iii) 𝐹(𝐺)           = 𝑍2,0(𝐺) = 432𝑝𝑞 − 114𝑝, 

(iv) 𝑅𝑒𝑍𝑀(𝑉𝐶5𝐶7[𝑝, 𝑞]) = 𝑍(2,1)(𝑉𝐶5𝐶7[𝑝, 𝑞]) = 1296𝑝𝑞 − 440𝑝, 

(v) 𝑆𝐷𝐷(𝑉𝐶5𝐶7[𝑝, 𝑞]) = 𝑍(1,−1)(𝑉𝐶5𝐶7[𝑝, 𝑞]) = 4𝑝𝑞 −
13

3
𝑝. 

Theorem 2.  The (𝑎, 𝑏) −Zagreb index of 𝐻𝐶5𝐶7[𝑝, 𝑞] is given by  

𝑍(𝑎,𝑏)(𝐻𝐶5𝐶7[𝑝, 𝑞]) = 8𝑝(2𝑎3𝑏 + 2𝑏3𝑎) + 4𝑝(12𝑞 − 5)3(𝑎+𝑏). 

Proof. The two-dimensional structure of 𝐻𝐶5𝐶7[𝑝, 𝑞] is shown in Figure 2. Its edge partition 

is shown in Table 3.   

 

 
Figure 2.The graph of 𝐻𝐶5𝐶7[𝑝, 𝑞] nanotube with 𝑝 =  3 and 𝑞 =  3. 

Table 3. Edge partition of 𝐻𝐶5𝐶7[𝑝, 𝑞] nanotubes based on degrees of end vertices of each edge. 

(𝐝(𝐮), 𝐝(𝐯) ), 𝐮𝐯 ∈ 𝑬(𝑮) Number of edges 

(2,3) 10p 

(3,3) 24pq-14p 

 

𝐸1(𝐻𝐶5𝐶7[𝑝, 𝑞]) = {𝑢𝑣 ∈ 𝐸(𝑉𝐶5𝐶7[𝑝, 𝑞]): 𝑑(𝑢) = 2, 𝑑(𝑣) = 3}, 

𝐸2(𝐻𝐶5𝐶7[𝑝, 𝑞]) = {𝑢𝑣 ∈ 𝐸(𝑉𝐶5𝐶7[𝑝, 𝑞]): 𝑑(𝑢) = 3, 𝑑(𝑣) = 3} 

Using the definition of general Zagreb index, we have from Table 1, 3, 

𝑍(𝑎,𝑏)(𝐻𝐶5𝐶7[𝑝, 𝑞]) = ∑ (𝑑(𝑢)𝑎𝑑(𝑣)𝑏 + 𝑑(𝑢)𝑏𝑑(𝑣)𝑎)

𝑢𝑣∈𝐸(𝐻𝐶5𝐶7[𝑝,𝑞])

 

= ∑ (𝑑(𝑢)𝑎𝑑(𝑣)𝑏 + 𝑑(𝑢)𝑏𝑑(𝑣)𝑎)

𝑢𝑣∈𝐸1(𝐻𝐶5𝐶7[𝑝,𝑞])

 

https://doi.org/10.33263/BRIAC111.80018008
https://biointerfaceresearch.com/


https://doi.org/10.33263/BRIAC111.80018008  

https://biointerfaceresearch.com/ 8005 

+ ∑ (𝑑(𝑢)𝑎𝑑(𝑣)𝑏 + 𝑑(𝑢)𝑏𝑑(𝑣)𝑎)

𝑢𝑣∈2(𝐻𝐶5𝐶7[𝑝,𝑞])

 

= |𝐸1(𝐻𝐶5𝐶7[𝑝, 𝑞])| (2𝑎3𝑏 + 2𝑏3𝑎) 

                                   +|𝐸2(𝐻𝐶5𝐶7[𝑝, 𝑞])| (3𝑎3𝑏 + 3𝑏3𝑎) 

= 8𝑝(2𝑎3𝑏 + 2𝑏3𝑎) + (24𝑝𝑞 − 10𝑝). 2. 3(𝑎+𝑏) 

= 8𝑝(2𝑎3𝑏 + 2𝑏3𝑎) + 4𝑝(12𝑞 − 5)3(𝑎+𝑏). 

Hence, the theorem.                                                                                          □ 

Corollary 2. From Theorem 2, we have the following results: 

(i) 𝑀1(𝐻𝐶5𝐶7[𝑝, 𝑞]) = 𝑍1,0(𝐻𝐶5𝐶7[𝑝, 𝑞]) = 144𝑝𝑞 − 20𝑝, 

(ii) 𝑀2(𝐻𝐶5𝐶7[𝑝, 𝑞])         =
1

2
𝑍1,1(𝐻𝐶5𝐶7[𝑝, 𝑞]) = 216𝑝𝑞 − 42𝑝, 

(iii) 𝐹(𝐻𝐶5𝐶7[𝑝, 𝑞])           = 𝑍2,0(𝐻𝐶5𝐶7[𝑝, 𝑞]) = 432𝑝𝑞 − 76𝑝, 

(iv) 𝑅𝑒𝑍𝑀(𝐻𝐶5𝐶7[𝑝, 𝑞]) = 𝑍(2,1)(𝐻𝐶5𝐶7[𝑝, 𝑞]) = 1296𝑝𝑞 − 300𝑝, 

(v) 𝑆𝐷𝐷(𝐻𝐶5𝐶7[𝑝, 𝑞]) = 𝑍(1,−1)(𝐻𝐶5𝐶7[𝑝, 𝑞]) = 48𝑝𝑞 −
8

3
𝑝, 

(vi) 𝑅𝛼(𝐻𝐶5𝐶7[𝑝, 𝑞])         =
1

2
𝑍(𝛼,𝛼)(𝐻𝐶5𝐶7[𝑝, 𝑞]) = 24𝑝𝑞𝛼+1 + 8𝑝. 6𝛼 − 10𝑝. 𝑞𝛼 , 

(vii) 𝑀𝛼(𝐻𝐶5𝐶7[𝑝, 𝑞]) = 𝑍(𝛼−1,0)(𝐻𝐶5𝐶7[𝑝, 𝑞]) = 8𝑝. 2𝛼−1 − 12𝑝. 3𝛼−1 − 48𝑝𝑞. 3𝛼−1. 

Theorem 3.  The (𝑎, 𝑏) −Zagreb index of 𝑆𝐶5𝐶7[𝑝, 𝑞] is given by  

𝑍(𝑎,𝑏)(𝑆𝐶5𝐶7[𝑝, 𝑞]) = 𝑝. 2𝑎+𝑏+1 + 6𝑝(2𝑎3𝑏 + 2𝑏3𝑎) + 6𝑝(4𝑞 − 3). 3(𝑎+𝑏). 

Proof. The two-dimensional structure of 𝑆𝐶5𝐶7[𝑝, 𝑞] is depicted in Figure 3. Its edge partition 

is shown in Table 4.  

 
Figure 3.The graph of 𝑆𝐶5𝐶7[𝑝, 𝑞] nanotube with 𝑝 =  4 and 𝑞 =  4. 

 

Table 4. Edge partition of 𝑆𝐶5𝐶7[𝑝, 𝑞] nanotubes based on degrees of end vertices of each edge. 

(𝐝(𝐮), 𝐝(𝐯) ), 𝐮𝐯 ∈ 𝑬(𝑮) Number of edges 

(2,2) P 

(2,3) 6p 

(3,3) 12pq-9p 

𝐸1(𝑆𝐶5𝐶7[𝑝, 𝑞]) = {𝑢𝑣 ∈ 𝐸(𝑆𝐶5𝐶7[𝑝, 𝑞]): 𝑑(𝑢) = 2, 𝑑(𝑣) = 2}, 

𝐸2(𝑆𝐶5𝐶7[𝑝, 𝑞]) = {𝑢𝑣 ∈ 𝐸(𝑉𝐶5𝐶7[𝑝, 𝑞]): 𝑑(𝑢) = 2, 𝑑(𝑣) = 3}, 

𝐸3(𝑆𝐶5𝐶7[𝑝, 𝑞]) = {𝑢𝑣 ∈ 𝐸(𝑉𝐶5𝐶7[𝑝, 𝑞]): 𝑑(𝑢) = 3, 𝑑(𝑣) = 3} 

Using the definition of general Zagreb index and the edge partition (Table 4), we have 

from Table 1, 

𝑍(𝑎,𝑏)(𝑆𝐶5𝐶7[𝑝, 𝑞]) = ∑ (𝑑(𝑢)𝑎𝑑(𝑣)𝑏 + 𝑑(𝑢)𝑏𝑑(𝑣)𝑎)

𝑢𝑣∈𝐸(𝑆𝐶5𝐶7[𝑝,𝑞])

 

= ∑ (𝑑(𝑢)𝑎𝑑(𝑣)𝑏 + 𝑑(𝑢)𝑏𝑑(𝑣)𝑎)

𝑢𝑣∈𝐸1(𝑆𝐶5𝐶7[𝑝,𝑞])
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+ ∑ (𝑑(𝑢)𝑎𝑑(𝑣)𝑏 + 𝑑(𝑢)𝑏𝑑(𝑣)𝑎)

𝑢𝑣∈𝐸2(𝑆𝐶5𝐶7[𝑝,𝑞])

 

+ ∑ (𝑑(𝑢)𝑎𝑑(𝑣)𝑏 + 𝑑(𝑢)𝑏𝑑(𝑣)𝑎)

𝑢𝑣∈𝐸3(𝑆𝐶5𝐶7[𝑝,𝑞])

 

= |𝐸1(𝑆𝐶5𝐶7[𝑝, 𝑞])| (2𝑎2𝑏 + 2𝑏2𝑎) 

                                   +|𝐸2(𝑆𝐶5𝐶7[𝑝, 𝑞])| (2𝑎3𝑏 + 2𝑏3𝑎) 

                                   +|𝐸3(𝑆𝐶5𝐶7[𝑝, 𝑞])| (3𝑎3𝑏 + 3𝑏3𝑎) 

= 2𝑝. 2(𝑎+𝑏) + 6𝑝(2𝑎3𝑏 + 2𝑏3𝑎) + (12𝑝𝑞 − 9𝑝). 2. 3(𝑎+𝑏) 

= 𝑝. 2𝑎+𝑏+1 + 6𝑝(2𝑎3𝑏 + 2𝑏3𝑎) + 6𝑝(4𝑞 − 3). 3(𝑎+𝑏). 

Hence, the theorem.                                                                                          □ 

Corollary 3. From Theorem 3, we have the following results: 

(i) 𝑀1(𝑆𝐶5𝐶7[𝑝, 𝑞]) = 𝑍1,0(𝑆𝐶5𝐶7[𝑝, 𝑞]) = 72𝑝𝑞 − 20𝑝, 

(ii) 𝑀2(𝑆𝐶5𝐶7[𝑝, 𝑞])         =
1

2
𝑍1,1(𝑆𝐶5𝐶7[𝑝, 𝑞]) = 108𝑝𝑞 − 41𝑝, 

(iii) 𝐹(𝑆𝐶5𝐶7[𝑝, 𝑞])           = 𝑍2,0(𝑆𝐶5𝐶7[𝑝, 𝑞]) = 216𝑝𝑞 − 76𝑝, 

(iv) 𝑅𝑒𝑍𝑀(𝑆𝐶5𝐶7[𝑝, 𝑞]) = 𝑍(2,1)(𝑆𝐶5𝐶7[𝑝, 𝑞]) = 648𝑝𝑞 − 290𝑝, 

(v) 𝑆𝐷𝐷(𝑆𝐶5𝐶7[𝑝, 𝑞]) = 𝑍(1,−1)(𝑆𝐶5𝐶7[𝑝, 𝑞]) = 24𝑝𝑞 − 3𝑝, 

(vi) 𝑅𝛼(𝑆𝐶5𝐶7[𝑝, 𝑞])         =
1

2
𝑍(𝛼,𝛼)(𝑆𝐶5𝐶7[𝑝, 𝑞]) = (4𝛼 + 6𝛼 − 32(𝛼+1))𝑝 +

4. 32𝛼+1. 𝑝𝑞, 

(vii) 𝑀𝛼(𝑆𝐶5𝐶7[𝑝, 𝑞]) = 𝑍(𝛼−1,0)(𝑆𝐶5𝐶7[𝑝, 𝑞]) = 4(2𝛼 − 3𝛼)𝑝 + 8. 3𝛼 . 𝑝𝑞. 

3. Conclusions 

 In this paper, we obtain the exact expressions of (𝑎, 𝑏)-Zagreb index of some nanotubes 

covered by 𝐶5 and 𝐶7. Assigning some particular values to 𝑎, 𝑏, some well-established degree-

based topological indices are derived. This work would help to understand the physicochemical 

properties, chemical reactivity, and biological activity of the nanostructures under 

consideration. The (a, b)-Zagreb index of several other structural features may be obtained for 

further analysis. 
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