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Abstract: Topological indices (TIs) are numerical invariants attached to the molecular structures of the 

chemical compounds and are used to study their pharmacology characteristics and molecular behaviors. 

Several TIs presenting assistance in studying the properties of molecular structures have been defined 

and vastly studied. In this paper, we compute the exact values of the modified first Zagreb connection 

index of Silicate, Hexagonal, Oxide, and Honeycomb networks. Also, we compute the first Zagreb 

connection index of these networks. 
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1. Introduction 

In recent years, the computing chemistry problem has gained attention in theoretical 

chemistry. In chemical graph theory, we attach a function to a molecular graph that gives real 

number values. One of the simple functions of this type counts the number of vertices and the 

number of edges of the molecular graph. The important thing in assigning that function is if it 

can predict certain physical or chemical properties of the underlying chemical structure. These 

real-valued functions are known as topological indices. One of the important properties of the 

topological indices is that they are invariant under graph isomorphism. Several topological 

indices contribute to understanding the pharmaceutical aspects and properties related to the 

theoretical chemistry of molecular structures [1,2]. In QSPR/QSAR studies, scientists are 

interested to understand the topology of a chemical compound from the numerical parameters 

obtained from them. 

We can associate a graph to molecular compounds by considering the atoms as vertices 

and the bond between them as edges. Let𝐺(𝑉(𝐺), 𝐸(𝐺)) be a graph, where𝑉(𝐺) and 𝐸(𝐺)are 

the set of vertices and the set of edges of the graphG. The number of vertices adjacent to the 

vertex𝑣is called the degree of the vertex v, and it is denoted by𝑑(𝑣). The length of the shortest 

path between the vertices𝑢and 𝑣is the distance between them, and it is denoted by𝑑(𝑢, 𝑣). For 

a vertex 𝑣 ∈ 𝑉(𝐺), 𝜏𝑣denotes the connection number of𝑣and counts the number of vertices in 
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the graph that are at a distance 2 from 𝑣. For more details on basic concepts related to graph 

theory, the readers can refer to the book [3]. 

A topological index assigns a numerical quantity to a graph that is invariant under graph 

isomorphism. The values of certain topological indices assist in predicting the various physical 

or chemical features associated to a chemical compound. Several topological indices have been 

defined and studied after the introduction of  the first degree based molecular structure 

descriptors, by Gutman and Trinajstic [2], denoted by 𝑀1(𝐺)and 𝑀2(𝐺)and are defined as 

𝑀1(𝐺) = ∑ (𝑑(𝑣))2
𝑣∈𝑉(𝐺) , 

𝑀2(𝐺) = ∑ 𝑑(𝑢)𝑑(𝑣)𝑢𝑣∈𝐸(𝐺) . 

Using the connection number 𝜏𝑣of a vertex 𝑣, Ali et al. [4] introduced the modified first 

Zagreb connection index, which is denoted and defined as 

𝑍𝐶1
∗(𝐺) = ∑ 𝑑(𝑣)𝜏𝑣𝑣∈𝑉(𝐺) . 

The first Zagreb connection index is denoted by 𝑍𝐶1(𝐺) and is defined as 

𝑍𝐶1(𝐺) = ∑ 𝜏𝑣
2

𝑣∈𝑉(𝐺)

 

Topological indices can help us to predict different properties of the understudy 

molecular compound. The chemical applicability of a certain topological index is tested by 

checking its correlating ability for the physical/chemical properties of octane isomers. In the 

case of the molecular descriptor𝑍𝐶1
∗, Akbar et al. found that the correlation coefficient for 

entropy and acentric factor is close to 0.892 and 0.949. This shows that the molecular descriptor 

𝑍𝐶1
∗ may be useful in QSPR/QSAR studies. Ali et al. [4] studied the mathematical properties 

of this index. Ye et al. [5] computed 𝑍𝐶1
∗ for several molecular structures nanotubes and regular 

hexagonal lattices. For history and recent results on topological indices, see [6-17, 19-26]. 

2. Materials and Methods 

 2.1. Zagreb connection number index for silicate networks. 

In this section, the modified first Zagreb index and first Zagreb connection index for 

chain silicate networks and silicate network 𝑆𝐿𝑛 is computed. 

Silicon tetrahedron is a basic unit of silicate, which is formed by silicon 𝑆𝑖+4 

surrounded by four oxygen atoms 𝑂−2. The structure can be seen in [18]. Silicate is an 

interesting and complicated mineral with large polymeric molecules and an extensive variety 

of structures. The structure of silicate is also sometimes called a corner-sharing tetrahedral. 

Although there is some silicate with non-tetrahedral silicon, most of them contain the 

tetrahedral structure. 

 
Figure 1. A Silicate network SLnwith n=3. 

The corner atoms are called as Oxygen vertices, and central atoms are silicon vertex. 

The bonds between them can be considered as edges from a graphical point of view. In Figure 

1, a three-dimensionalsilicate network 𝑆𝐿𝑛 is shown. 
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The number of vertices in 𝑆𝐿𝑛 are 15𝑛2 + 3𝑛. 

Theorem 2.1: Let 𝐺 = 𝑆𝐿𝑛, where 𝑛 ≥ 1. Then 

i. 𝑍𝐶1
∗(𝐺) = 810𝑛2 − 378𝑛 

ii. 𝑍𝐶1(𝐺) = 1782𝑛2 − 1242𝑛 + 1188 

Proof: 

i. For 𝐺 = 𝑆𝐿𝑛, out of a total 15𝑛2 + 3𝑛 vertices, 6𝑛2 + 6𝑛 vertices have degree 3, 9𝑛2 −

3𝑛 vertices have degree 6. Table 1 presents the connection number for different vertices of 𝐺. 

Table 1. Vertex partition with respect to degree and connection number for Silicate network. 

𝒅(𝒗) 𝝉𝒗 No. of vertices 

3 6 12𝑛 

3 9 6𝑛2 − 6𝑛 

6 6 6 

6 9 12𝑛 − 12 

6 12 9𝑛2 − 15𝑛 + 6 

Now, by using the information computed in Table 1and the definition of 𝑍𝐶1
∗, we have, 

𝑍𝐶1
∗(𝐺) = ∑ 𝑑(𝑣)𝜏𝑣

𝑣∈𝑉(𝐺)

 

= 3 × 6 × 12𝑛 + 3 × 9 × (6𝑛2 − 6𝑛) + 6 × 6 × 6 + 6 × 9 × (12𝑛 − 12) + 6 × 12 × (9𝑛2

− 15𝑛 + 6) 

After simplification  

𝑍𝐶1
∗(𝐺) = 810𝑛2 − 378𝑛 

ii. By using the information from Table 1 in the definition of the 𝑍𝐶1, we get the following: 

𝑍𝐶1(𝐺) = 1782𝑛2 − 1242𝑛 + 1188, 

which completes the proof.    

 

When in silicate minerals, the tetrahedral are arranged in a line (Linearly), then chain 

silicate is formed. The chain silicate of dimension 𝑛 is denoted by 𝐶𝑆𝑛. The structure is shown 

in Figure 2. The total number of vertices in 𝐶𝑆𝑛are 3𝑛 + 1. 

 
Figure 2. Chain Silicate of dimension n. 

Theorem 2.2: Let 𝐺 = 𝐶𝑆𝑛, where 𝑛 ≥ 1, then 

i. 𝑍𝐶1
∗(𝐺) = 72𝑛 − 90 

ii. 𝑍𝐶1(𝐺) = 108𝑛 − 144 

Proof:  

i. For 𝐺 = 𝐶𝑆𝑛, out of total 3𝑛 + 1 vertices, 2𝑛 + 2 vertices have degree 3, and 𝑛 − 1 

vertices have degree 6. Table 2 presents the connection number for different vertices of 𝐺. 

Table 2. Vertex partition with respect to degree and connection number for chain silicate. 

𝒅(𝒗) 𝝉𝒗 No. of vertices 

3 3 6 

3 6 2𝑛 − 4 

6 3 2 

6 6 𝑛 − 3 
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Now, using the information computed in Table 2, in the definition of 𝑍𝐶1
∗, we have, 

𝑍𝐶1
∗(𝐺) = ∑ 𝑑(𝑣)𝜏𝑣

𝑣∈𝑉(𝐺)

 

= 3 × 3 × 6 + 3 × 6 × (2𝑛 − 4) + 6 × 3 × 2 + 6 × 6 × (𝑛 − 3) 

After simplification 

𝑍𝐶1
∗(𝐺) = 72𝑛 − 90. 

ii. By using the information from Table 2, in the definition of the 𝑍𝐶1, we get the following: 

𝑍𝐶1(𝐺) = 108𝑛 − 144.      

3. Results and Discussion 

3.1. Zagreb connection number index for some more networks. 

In this section, the modified first Zagreb index and first Zagreb connection index for 

Hexagonal, Oxide, and Honeycomb networks are computed. 

There are a few regular planes tilling. These tilings are composed of some kind of 

regular polygons. In the construction of the hexagonal network, triangular tiling is being used. 

An 𝑛 −dimensional hexagonal network is denoted by 𝐻𝑋𝑛, here 𝑛 represents the number of 

vertices in each side of the hexagon. The Hexagonal network with 𝑛 = 6 is shown in Figure 3. 

 
Figure 3. Hexagonal Network HXn with n=6. 

The total number of vertices in the 𝑛 −dimensional Hexagonal network with 𝑛 > 1 are 

3𝑛2 − 3𝑛 + 1. 

Theorem 3.1: If 𝐺 = 𝐻𝑋𝑛, where 𝑛 > 1. Then  

i. 𝑍𝐶1
∗(𝐺) = 216𝑛2 − 588𝑛 + 354 

ii. 𝑍𝐶1(𝐺) = 432𝑛2 − 1380𝑛 + 978 

Proof: 

i. For 𝐻𝑋𝑛, out of a total number of vertices 3𝑛2 − 3𝑛 + 1,  the 6 vertices have degree 3, 

6𝑛 − 12 vertices have degree 4, and remaining vertices 3𝑛2 − 9𝑛 + 7 are of degree 6. Table 

3presents the connection number for different vertices of 𝐺. 

Table 3. Vertex partition with respect to degree and connection number for Hexagonal Network. 

𝒅(𝒗) 𝝉𝒗 No. of vertices 

3 5 6 

4 6 12 

4 7 6𝑛 − 24 

6 12 3𝑛2 − 15𝑛 + 19 

6 7 6 

6 9 6𝑛 − 18 

Now, using the information computed in Table 3, in the definition of 𝑍𝐶1
∗, we have, 
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𝑍𝐶1
∗(𝐺) = ∑ 𝑑(𝑣)𝜏𝑣

𝑣∈𝑉(𝐺)

 

= 3 × 5 × 6 + 4 × 6 × 12 + 4 × 7 × (6𝑛 − 24) + 6 × 12 × (3𝑛2 − 15𝑛 + 19) + 6 × 7 × 6

+ 6 × 9 × (6𝑛 − 18) 

After simplification 

𝑍𝐶1
∗(𝐺) = 216𝑛2 − 588𝑛 + 354 

ii. By using the information from Table 3, in the definition of the 𝑍𝐶1, we get the following: 

𝑍𝐶1(𝐺) = 432𝑛2 − 1380𝑛 + 978     

If the silicon vertices are deleted from the silicate network, the new network obtained 

is called an oxide network. An 𝑛 −dimensional Oxide network is denoted by 𝑂𝑋𝑛.The Figure 

4 shows the 5-dimensional Oxide network 𝑂𝑋5. 

 
Figure 4. Oxide network OX5. 

The total number of vertices in 𝑂𝑋𝑛 are 9𝑛2 + 3𝑛. 

Theorem 3.2: If 𝐺 = 𝑂𝑋𝑛, where 𝑛 ≥ 1,  then 

i. 𝑍𝐶1
∗(𝐺) = 288𝑛2 − 144𝑛 

ii. 𝑍𝐶1(𝐺) = 576𝑛2 − 432𝑛 + 48 

Proof: 

i. For 𝑂𝑋𝑛, out of the total number of vertices 9𝑛2 + 3𝑛,  the 6𝑛 vertices have degree 2, 

9𝑛2 − 3𝑛 vertices have degree 4.Table 4 presents the connection number for different vertices 

of 𝐺. 

Table 4. Vertex partition with respect to degree and connection number for Oxide network. 

𝒅(𝒗) 𝝉𝒗 No. of vertices 

2 4 6𝑛 

4 4 6 

4 6 12𝑛 − 12 

4 8 9𝑛2 − 15𝑛 + 6 

 

Now, using the information computed in Table 4, in the definition of 𝑍𝐶1
∗, we have, 

𝑍𝐶1
∗(𝐺) = ∑ 𝑑(𝑣)𝜏𝑣

𝑣∈𝑉(𝐺)

 

= 2 × 4 × 6𝑛 + 4 × 4 × 6 + 4 × 6 × (12𝑛 − 12) + 4 × 8 × (9𝑛2 − 15𝑛 + 6) 

After simplification 

𝑍𝐶1
∗(𝐺) = 288𝑛2 − 144𝑛 

ii. By using the information from Table 4, in the definition of the 𝑍𝐶1, we get the following: 
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𝑍𝐶1(𝐺) = 576𝑛2 − 432𝑛 + 48.    

 If we recursively use Hexagonal tiling in a pattern, the honeycomb network is formed. 

The 𝑛 −dimensional honeycomb network is represented by 𝐻𝐶𝑛. Here 𝑛 represents the number 

of hexagons between the central and boundary hexagon. 𝐻𝐶𝑛 is formed by adding a layer of 

hexagons around 𝐻𝐶𝑛−1. In Figure 5, the 4-dimensional honeycomb network is shown. 

 
Figure 5. 4-dimensional honeycomb. 

The total number of vertices in 𝐻𝐶𝑛 are 6𝑛2. 

Theorem 3.3: If 𝐺 = 𝐻𝐶𝑛, where 𝑛 ≥ 1, then 

i. 𝑍𝐶1
∗(𝐺) = 108𝑛2 − 96𝑛 + 12. 

ii. 𝑍𝐶1(𝐺) = 216𝑛2 − 240𝑛 + 36. 

Proof: 

i. For 𝐻𝐶𝑛, out of the total number of vertices 6𝑛2,  the 6𝑛 vertices have degree 2, 6𝑛2 − 6𝑛 

vertices have degree 3. Table 5 presents the connection number for different vertices of 𝐺. 

Table 5. Vertex partition with respect to degree and connection number for honeycomb. 
𝒅(𝒗) 𝝉𝒗 No. of vertices 

2 3 12 

2 4 6𝑛 − 12 

3 4 6𝑛 − 6 

3 6 6𝑛2 − 12𝑛 + 6 

Now, using the information computed in Table 5 in the definition of 𝑍𝐶1
∗, we have, 

𝑍𝐶1
∗(𝐺) = ∑ 𝑑(𝑣)𝜏𝑣

𝑣∈𝑉(𝐺)

 

= 2 × 3 × 12 + 2 × 4 × (6𝑛 − 12) + 3 × 4 × (6𝑛 − 6) + 3 × 6 × (6𝑛2 − 12𝑛 + 6). 

After simplification 

𝑍𝐶1
∗(𝐺) = 108𝑛2 − 96𝑛 + 12 

ii. By using the information from Table 5 in the definition of the 𝑍𝐶1, we get the following: 

𝑍𝐶1(𝐺) = 216𝑛2 − 240𝑛 + 36.      

4. Conclusions 

 In this paper, we computed the exact values of the first Zagreb connection number index 

of Silicate, Hexagonal, Oxide, and Honeycomb networks. Moreover, the first Zagreb 

connection index is computed for the same networks. 
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