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Abstract: Topological indices are used to test the medicine and pharmacology characteristics of drugs 

and their molecular structures. The modified first Zagreb connection number index is defined to be used 

in the analysis of drug structures. In this paper, by means of drug molecular structure analysis and vertex 

partitioning method, we compute the modified first Zagreb connection number index of graphene, 

polyomino chains, and Benzenoid systems, etc. These structures are used widely in molecular drug 

graphs. 
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1. Introduction 

Chemical compounds can be represented by (molecular) graphs in which vertices 

correspond to the atoms while edges represent the covalent bonds between atoms [1,2]. Let 

G=(V (G); E(G)) be a molecular graph with vertex set V (G) and edge set E(G). The number 

of elements in V (G) and E(G) is called the order and the size of the graph G. The number of 

vertices adjacent to the vertex vV (G) is called the degree of the vertex v, which is denoted 

as d(v). The length of the shortest path between two vertices u and v is called the distance 

between these vertices, and it is denoted as d(u; v). The notation τv for the vertex v represents 

the number of vertices at a distance 2 from the vertex v, τv is known as the connection number 

of v. 

As a usual path, cycle and complete graphs with n vertices are denoted by Pn; Cn, and 

Kn, respectively. 

A molecular graph's topological index is a numerical quantity, which is a graph 

invariant under graph isomorphism. In theoretical chemistry, the physiochemical properties of 

chemical compounds are often modeled by the topological indices. 

First and second Zagreb indices of a simple graph G are defined as: 
2
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Followed by the first and second Zagreb indices, Furtula et al. [3] introduced the 

forgotten topological index, which was defined as 
3 2 2
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Numerous work on these indices has been done so far [4-27]. In 1972, Gutman et al. 

[28] showed that the total π-electron energy of a molecule depends on the first Zagreb index 

and the forgotten topological index. In the same paper, the quantity 
( )

( ) v
v V G

d v 


  was shown 

to influence the π-electron energy, but the topological index was never again investigated and 

left to oblivion. Trinajstic et al. [29] reintroduced this quantity and named as modified first 

Zagreb connection index and denote it by ZC*1, i.e. 
*
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This paper computed the newly introduced modified first Zagreb connection number 

index of special molecular graphs discussed in chemicals, nanomaterials, and pharmaceutical 

engineering. 

2. Materials and Methods 

 In theoretical chemistry, the physiochemical properties of chemical compounds are 

often modeled by the topological indices. In the definition of modified first Zagreb connection  

 
𝑑(𝑣) is representing the degree of vertex 𝑣 and 𝜏𝑣 is representing the number of vertices in 

graph, which are at a distance 2 from 𝑣. 𝜏𝑣 is called the connection number of 𝑣. 

 This article computes the first modified Zagreb connection for the chemical graphs of 

2-Dimensional Graphene sheet, 2-Dimensional Zig-zag polyomino chain, and Benzenoid 

systems, etc. We will use these graphs' vertex sets based on the degrees and connection 

numbers of the vertices. These partitions are given in the form of tables.  

3. Results and Discussion 

3.1. Modified first Zagreb connection index of graphene sheet G(m,n). 

Graphene is the main element of certain carbon allotropes, including graphite, 

fullerenes, and charcoal. Graphene is a planar sheet of carbon atoms that are densely packed in 

a honeycomb crystal lattice. A two-dimensional graphene sheet G(m; n), where m is the 

number of columns and n is the number of rows, is shown in Fig. 1.  

 
Figure 1. 2-dimensional graphene sheet. 
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The molecular graph of graphene sheet G(m; n) contains 2(mn+m+n) number of 

vertices. There are 2(m+n+1) vertices of degree two and 2mn-2 vertices are of degree three. 

Table 1 shows the vertex set's partitions based on the degree and the connection number of the 

vertices. 

Table 1. Vertex set the partition of G(m; n) based on the degree and the connection number of the vertices. 

𝒅(𝒗) 𝝉𝒗 Number of vertices 

2 2 2 

2 3 2𝑛 + 4 

2 4 2𝑚 − 4 

3 4 2𝑚 

3 5 2𝑛 − 4 

3 6 2(𝑚 − 1)(𝑛 − 1) 
 

Theorem 3.1.1. Consider the graph of graphene sheet G(m; n), where m; n > 1, then the 

modified first Zagreb connection index of G(m; n) is 

*
1 ( ( , )) 36 4 6 24ZC G m n mn m n= + + −

. 

Proof. The 2-dimensional structure of graphene sheet G(m; n) has 2(mn+m+n). Table 1 shows 

the vertex set's partition is based on the degree and the connection number of the vertices. With 

the help of Table 1, we can compute the modified first Zagreb connection index of G(m;n) as 

follows 

*
1
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(2 4)·3·5 2( 1)( 1)·3·6
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ZC G m n d v n m m

n m n




= = + + + − +

+ − + − −



 
By easy calculation, we have 

*
1 ( ( , )) 36 4 6 24ZC G m n mn m n= + + −

.■ 

3.2. Modified topological index of polyomino chains of 2n-cycles. 

A polyomino system is a nite 2-connected plane graph. A regular square of length one 

surrounds each interior face (cell). In other words, it is an edge-connected union of cells in the 

planar square lattice. Polyominoes have a long and rich history [30]. A two-dimensional zig-

zag polyomino chain is shown in Fig. 2.  

 
Figure 2. 2-dimensional zig-zag polyomino chain. 

 

From Fig. 2 note that there are 12n+2 vertices in this molecular graph. We partitioned 

the vertex set based on the degree and the connection number of the vertices, and shown in 

detail in Table 2. 
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Table 2. Vertex set the partition of the zig-zag polyomino chain based on the degree and the connection number 

of the vertices. 

𝒅(𝒗) 𝝉𝒗 Number of vertices 

2 2 4𝑛 + 4 

2 3 4𝑛 

3 4 2 

3 5 2𝑛 − 4 

 

Theorem 3.2.1. Consider the molecular graph (Zn), n≥1, of zig-zag polyomino chains; then its 

modified first Zagreb connection number equals to 

*
1 ( ) 100 20nZC Z n= −

 
Proof. The molecular graph of the zig-zag polyomino chain (Zn) contains 12n+2 vertices; 

among them, 8n+4 vertices are of degree two, and 4n 2 vertices are of degree three. From Table 

2 and the definition of the modified first Zagreb connection index, we have 

*
1

( )

( ) ( ) (4 4)·2·2 4 ·2·4 2·3·4 (4 4)·3·5.

n

n v
v V Z

ZC Z d v n n n


= = + + + + −
 

After a simple calculation, we have 

*
1 ( ) 100 20nZC Z n= −

.■ 

A linear polyomino chain is denoted as Ln, and is shown in Fig. 3. This structure has 

2(n+1) vertices, and four vertices are of degree two, and the other 2(n-1) vertices are of degree 

3. The partition of the vertex set based on the degree and the connection number of vertices is 

shown in Table 3. 

Table 3. Vertex set the partition of linear polyomino chain based on the degree and the connection number of 

the vertices. 

𝒅(𝒗) 𝝉𝒗 Number of vertices 

2 2 4 

3 3 4 

3 4 2(𝑛 − 3) 
 

 
Figure 3. A linear polyomino chain. 

Theorem 3.2.2. The modified first Zagreb connection number index of the molecular graph of 

the linear polyomino chain, Ln; n≥2, is 

*
1 ( ) 24 8nZC L n= −

 
Proof. The molecular structure of a linear polyomino chain contains 2(n+1) vertices. The 

partitioning of the vertex set of the molecular structure Ln is described in Table 3. By definition 

and Table 3, we have  

*
1

( )

( ) ( ) 4·2·2 4·3·3 2( 3)·3·4 24 20.

n

n v
v V L

ZC L d v n n


= = + + − = −
■ 

3.3. Modified first Zagreb connection index topological index of polyomino chains of triangular 

Benzenoid. 
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This section computes the modified first Zagreb connection index of the triangular 

Benzenoid graph shown in Fig. 4. This graph has n2+4n+1 vertices. 

Theorem 3.3.1. Let Hn, where n≥1, be the molecular graph of the triangular Benzenoid system. 

Its modified first Zagreb connection number is 

* 2
1 ( ) 18 24 18nZC H n n= + −

 

 
Figure 4. Graph of triangular Benzenoid G[n]. 

Proof. The molecular graph of the triangular Benzenoid system has n2+4n+1. There are 3(n+1) 

vertices with degree two and n2+n-2 vertices with degree three. The vertex set of graph H is 

partitioned based on the degree and the connection number of the vertices. Table 4 illustrates 

these details. Using Table 4 we can obtain the result 

* 2 2
1

( )

( ) ( ) 3·2·2 6·2·3 (3 6)·2·4 3( 1)·3·4 ( 1) ·3·6 18 24 18

n

n v
v V H

ZC H d v n n n n n


= = + + − + − + − = + −
 

Table 4. Vertex set the partition of the triangular Benzenoid system based on the degree and the connection 

number of the vertices. 

𝒅(𝒗) 𝝉𝒗 Number of vertices 

2 2 3 

2 3 6 

2 4 3𝑛 − 6 

3 4 3𝑛 − 3 

3 6 (𝑛 − 1)2 

 

3.4. Modified first Zagreb connection index of molecular bridge structures. 

Let 1{ }t
i iG =  be a set of nite pair-wise disjoint molecular graphs such that viV (G). 

The bridge molecular graph B(G1; ; Gt)=B(G1,...,Gt) of 1{ }t
i iG =  concerning the vertices 

1{ }t
i iv = is yielded from the molecular graphs G1,...,Gt in which the vertices vi and vi+1 are 

connected by an edge for i=1; 2,...,t-1. A bridge graph is shown in Fig. 5. If G1=G2=,...,=Gt=G 

with vV (Gi) for all i, then the notation for bridge graph is Bt(G; v)=B(G,...,G; v,...,v). 

 
Figure 5. A bridge molecular graph. 

This section computes the modified first Zagreb connection index of bridge graphs 

among paths, cycles, and complete graphs, respectively. 
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Theorem 3.4.1. Let n; t > 2, then 

*
1

*
1

*
1

1 ( ( , )) 4 8 28,

2 ( ( , )) 4 36 50,

3 ( ( , )) 2 (2 1) 2 (2 1) 2 4.

t n

t n

t n

ZC B P v tn t

ZC B C v tn t

ZC B K v nt n n n t

− = + −

− = + −

− = − − + + −
 

Proof. 1) The bridge molecular graph Bt(Pn; v) has tn vertices. The partition of vertex set based 

on the degree and the connection number of the vertices is discussed in Table 5. By using Table 

5 we can obtain the result 

*
1

( ( , ))

( ( , )) ( ) ·1·1 ·2·1 ( 4 2)·2·2 ·2·3 2·3·4 ( 4)·3·5 4 8 28

t n

t n v
v V B P v

ZC B P v d v t t tn t t t tn t


= = + + − + + + + − = + −
 

2) The bridge molecular graph Bt(Cn; v) has tn vertices. The partition of vertex set based on the 

degree and the connection number of the vertices is discussed in Table 6. By using Table 6 we 

can obtain the result 

*
1

( ( , ))

( ( , )) ( ) ( 3 )·2·2 4·2·3

2( 2)·2·4 2·3·5 2·4·7 ( 4)·4·8 4 36 50

t n

t n v
v V B C v

ZC B C v d v tn t

t t tn t




= = − +

+ − + + + − = + −



 
3) The bridge molecular graph Bt(Kn; v) has tn vertices, and the partition of vertex set based 

on the degree and the connection number of the vertices is discussed in Table 7. By using Table 

7 we can obtain the result 

*
1

( ( , ))

( ( , )) ( ) 2( 1)·( 1)·1 ( 2)( 1)·( 1)·2 2· ·

2·( 1)·(2 1) ( 4)·( 1)·2 2 (2 1) 2 (2 1) 2 4

t n

t n v
v V B K v

ZC B K v d v n n t n n n n

n n t n n nt n n n t




= = − − + − − − +

+ + − + − + = − − + + −



.■ 

Table 5. Vertex set the partition of bridge molecular graph Bt(Pn; v) based on the degree and the connection 

number of the vertices. 

𝒅(𝒗) 𝝉𝒗 Number of vertices 

1 1 𝑡 
2 1 𝑡 
2 2 𝑡𝑛 − 4𝑡 + 2 

2 3 𝑡 
3 4 2 

3 5 𝑡 − 4 

 

3.5. Modified the first Zagreb connection index of dendrimer structures. 

Dendrimers are highly ordered branched macromolecules that have attracted much 

theoretical and experimental attention. This section computes the closed results of the modified 

first Zagreb index of certain dendrimer structures. 

Table 6. Vertex set the partition of bridge molecular graph Bt(Cn; v) based on the degree and the connection 

number of the vertices. 

𝒅(𝒗) 𝝉𝒗 Number of vertices 

2 2 𝑡𝑛 − 3𝑡 
2 3 4 

2 4 2(𝑡 − 2) 
3 5 2 

4 7 2 

4 8 𝑡 − 4 
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The first class of these macromolecules is named NS1[n], where n is the defining 

parameter. The molecular graph of the NS1[n] for n=2 is shown in Fig. 6. The structure of 

NS1[n] contains 120×2n-108 vertices and 140×2n-127 edges. Based on the degree and the 

connection number of the vertices, we partitioned the vertex set. Table 8 illustrate this partition. 

Table 7. Vertex set the partition of bridge molecular graph Bt(Kn; v) based on the degree and the connection 

number of the vertices. 

𝒅(𝒗) 𝝉𝒗 Number of vertices 

𝒏 − 𝟏 1 2(𝑛 − 1) 
𝒏 − 𝟏 2 (𝑡 − 2)(𝑛 − 1) 
𝒏 𝑛 2 

𝒏 + 𝟏 2𝑛 − 1 2 

𝒏 + 𝟏 2𝑛 𝑡 − 4 

 
Figure 6. The first type of nanostar dendrimer NS1[n]. 

Theorem 3.5.1. Consider the molecular graph NS1[n], where n ≥1, of the nanostar dendrimer, 

then its modified first Zagreb connection number is equal to:  

ZC1(NS1[n])=992×2n-920. 

Table 8. Vertex set the partition of NS1[n] dendrimer structure based on the degree and the connection number 

of the vertices. 

𝒅(𝒗) 𝝉𝒗 Number of vertices 

2 2 36 × 2𝑛 − 24 

2 3 40 × 2𝑛 − 48 

2 4 4 × 2𝑛 + 2 

3 4 20 × 2𝑛 − 18 

3 5 8 × 2𝑛 − 8 

3 6 12 × 2𝑛 − 12 

 

Proof. The molecular graph of NS1[n] contains 120×2n-108 vertices, and these vertices are of 

degree two and three. From Fig. 6, we can notice that 27×2n-1-12 vertices are of degree two 

and 12×2n-1-8 vertices are of degree three. In Table 8, we partitioned these vertices based on 

their connection number and used it to obtain the result 

1

*
1 1

( [ ])

( [ ]) ( ) (36·2 24)·2·2 (40·2 48)·2·3

(4·2 2)·2·4 (20·2 18)·3·4 (8·2 8)·3·5 (12·2 12)·3·6 992·2 920

n n
v

v V NS n

n n n n n

ZC NS n d v 


= = − + −

+ + + − + − + − = −
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We consider the second type of nanostar dendrimers, NS2[n], where n is the defining 

parameter. Fig. 7 illustrates this type of nanostar dendrimer. This nanostar dendrimer contains 

18×2n-12 vertices. The vertex partition based on the degree and the connection number of the 

vertices is shown in the following table. 

Table 9. Vertex set the partition of NS2[n] dendrimer structure based on the degree and the connection number 

of the vertices. 

𝒅(𝒗) 𝝉𝒗 Number of vertices 

2 2 9 × 2𝑛−1 

2 3 6 × 2𝑛−1 

2 4 9 × 2𝑛−1 − 6 

3 4 6 × 2𝑛 − 6 

 

 
Figure 7. The second type of nanostar dendrimer NS2[n]. 

Theorem 3.5.2. The Modified first Zagreb connection number index of the molecular graph of 

NS2[n], where n≥1, is equal to: 

ZC1 (NS2[n])=144×2n-120 

Proof. There are 18×2n-12 vertices in the structure of NS2[n] and the degree of these vertices 

are two and three. We partitioned the vertex set of NS2[n] based on the vertices' degree and 

connection number. Table 9 shows this partition. We apply the definition of the modified first 

Zagreb connection number index to Table 9 to obtain the required result. 

2

* 1 1 1
1 2

( [ ])

( [ ]) ( ) 9·2 ·2·2 6·2 ·2·3 (9·2 6)·2·4 (6·2 6)·3·4 144·2 120n n n n n
v

v V NS n

ZC NS n d v  − − −



= = + + − + − = −
 

 
Figure 8. The molecular graph of the star dendrimer D3[n]. 
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The third type of star dendrimer is denoted as D3[n], where n represents the nth growth 

of star dendrimer and n 0. The molecular graph of the star dendrimer D3[n] is shown in Fig. 8. 

Theorem 6.3. Consider the molecular graph D3[n], where n 1, of the star dendrimer, then its 

modified first Zagreb connection number is 

ZC1 (D3[n])=306×2n-1-180 

Proof. The molecular graph of D3[n] chain contains 39×2n-1-20 vertices. From Fig. 8, one can 

notice that there are 27 2n-1-12 vertices of degree two and 12×2n-1-8 vertices of degree three. 

With the help of Table 10, we can easily compute the modified first Zagreb connection index 

of the D3[n] as follows 

3

* 1 1 1
1 3

( [ ])

( [ ]) ( ) 9·2 ·2·2 18·2 1 12·2·3 9·2 6·3·4 3·2 2·3·6n n n
v

v V D n

ZC D n d v n − − −



= = + − − + − + −
 

After a simple calculation, we have the result 
* 1
1 3( [ ]) 306·2 180.nZC D n −= − ■ 

Table 10. Vertex set the partition of the star dendrimer's molecular graph based on the degree and the 

connection number of the vertices. 

𝒅(𝒗) 𝝉𝒗 Number of vertices 

2 2 9 × 2𝑛−1 

2 3 18 × 2𝑛−1 − 12 

3 4 9 × 2𝑛−1 − 6 

3 6 3 × 2𝑛 − 2 

 

3.6. Modified first Zagreb connection number of Benzenoid series class. 

In this section, we compute the modified first Zagreb connection number of two 

Benzenoid series classes, namely the Circumcoronene series of Benzenoid Ht. The molecular 

graph of Ht is shown in Fig. 9. 

Table 11. Vertex set the partition of the molecular graph of the Circumcoronene Benzenoid series Ht based on 

the degree and the connection number of the vertices. 

𝒅(𝒗) 𝝉𝒗 Number of vertices 

2 3 12 

2 4 6𝑡 − 12 

3 4 6𝑡 − 6 

3 6 6(𝑡 − 1)2 

 
Figure 9. The molecular graph of the Circumcoronene series of Benzenoid Ht. 
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Theorem 3.6.1. The modified first Zagreb connection index of the molecular graph of 

Circumcoronene series of Benzenoid Ht, t≥1, is given as: 

ZC1 (Ht)=108×t2-96t+12. 

Proof. There are total of 6t2 vertices in the molecular graph of Circumcoronene Benzenoid 

series Ht. There are only two types of vertices in this structure with respect to degrees, vertices 

with degree two and vertices with degree 3. There are 6t vertices of degree two and 6t2-6t 

vertices of degree three. Table 11 partitioned the vertex set V (Ht) based on the degree and the 

connection number of the vertices. Since 

* 2 2
1

( )

( ) ( ) 12·2·3 6( 2)·2·4 6( 1)·3·4 6( 1) ·3·6 108· 96 12.

t

t v
v V H

ZC H d v t t t t t


= = + − + − + − = − +
■ 

4. Conclusions 

 This paper computes the modified first Zagreb connection index for several vastly 

studied chemical graphs. Modified first Zagreb index depends on the degrees and connection 

numbers of the vertices of the graph.  Our computed results may have an important role in the 

study of 𝜋 −electron energy of dendrimers. Using our computed results, the future targets can 

be obtained by the collaboration of mathematicians and pharmacists.  
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