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Abstract: Analytical analysis has been done for the unsteady, natural convective flow of an 

impulsive water-based nanofluid consisting of nanoparticles Cu, Al2O3, and TiO2 through a 

vertical plate under a uniform magnetic field when the magnetic field fixed to the plate  (𝐾 =

1) or to the fluid (𝐾 = 0). For this model, we considered a radiative heat flux as well as 

pressure gradient defined by the Boussinesq’s approximation in the energy equation for a non-

scattering medium. The Governing PDE’s are derived and transformed to dimensionless form 

and then obtained a closed-form solution using Laplace transform procedure without any 

limitation. The fluid properties have been discussed for a moving and the static plate through 

graphs for different water-based nanoparticles and also dimensionless parameters such as 

volume fraction parameter(Ø),   radiation parameter(𝑁𝑟), and magnetic parameter(𝑀2), 

Grashof number(𝐺𝑟) etc. of the physical model.  

Keywords: Nanoparticles; Cu; Al2O3; TiO2; MHD; thermal radiation; volume fraction; vertical plate; 

Laplace transform technique. 

Nomenclature: 

T  Temperature; u  Velocity along x -axis; 

nf
 

Dynamic viscosity; g  Acceleration; 

nf
 

Thermal expansion 

coefficient; 
rq
 

 Radiative heat flux; 

nf
 

Density; 
0B

 
Magnetic field; 

nf
 

Electrical conductivity;  M  Magnetic parameter; 

nfk
 

Thermal conductivity; Pr  Prandtl number; 

( )p nfc
 

Heat capacitance; Nr  Radiation parameter; 


 

Solid volume fraction of 
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 nanoparticle; 

Gr  Grashof number; 

s  
Density of the 

nanoparticle; 
Nu  Nusselt number; 

s  
Electrical conductivity of 

the 

 nanoparticle; 

  Time; 
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( )p sc
 

Heat capacitance of the 

nanoparticle; 
0a

 
Accelerating parameter; 

sk
 

Thermal conductivity of 

the 

 nanoparticle; 

*  
Stefan-Boltzmann 

constant; 

f  
Density;  *k  Rosseland absorption 

coefficient; 

f
 

Electrical conductivity;  Subscripts 

f  
Viscosity; nf  Nanofluid; 

fk
 

Thermal conductivity;  f  Base fluid; 

( )p fc
 

Heat capacitance; s  Nanoparticles; 
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1. Introduction 

In recent times, nanotechnology has been increasingly shaping scientists and 

researchers' important role in manufacturing sciences and engineering. Especially in the 

pharmaceutical and medical sectors, cancer patient’s treatments consist of various radiation 

and medicines in cooling and heating like reducing heat from CPU’s, managing temperatures 

in nuclear reactors, cars, and thermal flows. In modern times, nanofluids have intrigued 

researchers and scientists with these main features with many industrial applications. 

Nanofluids immersed in normal fluids tend to improve their thermal efficiency. Nanofluids are 

a new type of heat transfer fluids based on nanotechnology caused by dispersing nanometer-

sized elements from 1-100 nm in standard heat transfer fluids. Nanoparticles have emerged as 

acceptable candidates for fluid suspension due to their vast external space, lower particle 

energy, and extraordinary mobility. Nanoparticles (a mixture of Metals, carbon nanotubes, and 

carbides) have important industrial uses, such as self-propelled sunscreens are more resistant 

to radiation, car bumpers for weights, rubber bones for more strength, clothing is more stain 

repellent, and balls are more stable for many sports. Widely, in the era of nanotechnology, 

where an item is decreasing in size and its characteristics are improving, nano-catalysts have 

actual usefulness in numerous processes such as compound solid rocket propellants, water 

refinement, production of biodiesel, drug transfer, and carbon nanotubes production.  

In cooling and related technologies, nanofluid is used to solve normal problems with 

typical slurries, such as sedimentation, pressure drop, clogging, corrosion, and microchannel 

applicability. This idea was first proposed by Choi [1] and found that owing to the additional 

thermal conductivity of combined nanoparticles. A nanofluid has much greater thermal 

conductivity compared to normal fluids. Eastman et al. [2] examined that nanofluid consisting 

of copper particles in nanosize spread in Ethylene glycol has greater thermal conductivity than 

pure ethylene glycol or ethylene glycol with a fraction of the same volume. Das et al. [3] 

studied thermal diffusivity calculation for nanofluids consists of nanoparticles Al2O3 or CuO 

with water as the base fluid using a temperature oscillation technique. Das and Choi [4] 

discussed convection, boiling, pool boiling of nanofluids, and nanofluid applications and 

observed that improvement of thermal conductivity is higher for nanofluid compared to 

ordinary micrometer-sized suspensions. Kuznetsov and Nield [5] examined using 

Buongiorno’s model when the nanofluid particle fraction is passively rather than actively 

regulated at the border. Srinivas et al. [6] analyzed the impact of wavy channel corrugation on 

improving heat transfer of an Au-water nanofluid. Chamkha et al. [7] focused on the boundary-
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layer flow of a nanofluid along a plate consisting of a pure fluid under the influence of the 

magnetic field, heat generation, and suction effects and concluded that the pure fluid had strong 

effects on thermophysical properties. Jahan et al. [8] examined stability and regression analyses 

in a practical approach past a permeable stretching sheet over the heated surface. 

An electrically conducting fluid flow with an external constraint of the magnetic field 

can be regulated. The transfer rate can also be controlled. Various industrial applications can 

be seen in many sciences and technology, viz nuclear cooling reactors, boundary layer control 

in aerodynamics, plasma studies, petroleum industries, crystal growth, etc. Hence, the authors 

are received new attention for studying the most general contexts of magnetohydrodynamics 

(MHD) with the influence of the magnetic fields' external force on electrically conduction fluid. 

At present, due to the existence of favorable characteristics concerning energy processes, 

material engineering, and medical operations, magneto-nanofluids have become very 

significant. Many developments occur at very high temperatures, and comprehensive 

knowledge of heat transfer requires equipment planning.  The process group includes satellites, 

space aircraft, missiles, generators, and nuclear power plants. This reality draws many 

researchers' attention to finding such acceptable mixtures with an extreme heat transfer rate. In 

this work, nanofluid consists of nanoparticle Copper and Titanium oxide and water as base 

fluid to find dissimilarity in heat improvement and transfer rates for different ranges of base 

fluid and nanoparticles. In the presence of a revolving frame of reference, Hamad et al. [9] 

studied nanoparticles' effect (metallic) on the unstable MHD convective flow over an 

oscillating semi-infinite vertical permeable layer analytically. Simulation of nanofluid and rate 

of heat transmission among the parallel plates in two phases for major impacts of Brownian 

motion is being investigated by Sheikholeslami et al. [10]. Impact of heat source on an unstable 

MHD free convection flow of a Casson fluid past a vertical oscillating plate using finite element 

analysis studied by Shankar Goud et al. [11] and for a micropolar fluid by Islam et al. [12]. 

Sheikholeslami et al. [13,14] studied the effects of MHD, Lorentz forces, heat transfer 

numerically on Al2O3 water, and CuO-water nanofluid flow a semi-annulus enclosure using 

LBM. In clean fluid and Cu-water nanofluid, Molli et al. [15] studied unsteady electrically 

conducting heat and mass transfer magneto-hydrodynamic flow with Cu-nanoparticles over a 

plate with various boundary conditions. Animasaun et al. [16] conducted a comparative study 

of alumina-water nanofluid flows between 36 nm and 47 nm in the presence of the Hall effect.    

By considering water as a typical base fluid comprising three dissimilar nanoparticles 

such as Cu, Al2O3, and TiO2, Hussanan et al. [17] analyzed the unstable MHD effect, heat 

transfer rate past an accelerating plate and found that Cu-water is better than that of Al2O3-

water and TiO2-water nanofluids. Abbas et al. [18] researched heat transfer thermophysical 

properties for unstable nanofluids consisting of nanoparticles Cu, Al2O3, and TiO2 with 

different shapes, and water as a base fluid past a spinning plate under the action of ohmic, 

viscous dissipation, Brownian, and thermophoresis diffusion. Hayat et al. [19] examined the 

attendance of applied magnetic fields. Viscous dissipations of mixed convective peristaltic 

nanofluid transport consist of Copper, Silver, Gold, and iron oxide. They also stated that the 

Maxwell is better than the Hamilton model. For three different nanofluids (carbon Nanotubes-

Ga, Copper-Ga, and Diamond-Ga) in which the amount of Grashof ranges 104 to 106 and the 

volume fraction from 0.01 to 0.15, Zhou et al. [20] investigated heat transfer improvement and 

entropy production of nano (metal) fluid in a heated cavity. Heat transfer development for a 

time-dependent MHD Oldroyd-B nanofluid consists of SWCNTs. Multi-wall carbon nanotubes 

(MWCNTs) are immersed in a porous material through an infinite vertical plate studied by 
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Anwar et al. [21]. A large number of researchers have given considerable interest to the study 

of MHD in the presence of radiation owing to a large number of astrophysics and geophysics 

applications, radio propagation, etc. In the inclined magnetic field's attendance, thermal 

radiation, Sandeep et al. [22] focused on hydromagnetic unsteady electrically conducting fluid 

past a moving plate by ramped temperature. Nandkeolyar et al. [23] illustrated MHD flow 

through radiative heat transfer of an isothermal plate to examine the behavior of ramping at the 

wall and inclination of the applied magnetic field. He concluded that the free-stream state is 

more rapid than the flow past. Kumar et al. [24] studied thermal diffusion and radiation effects 

liquid chemically reacting on an accelerated plate with adjustable temperature under the impact 

of an invariant magnetic field in two different states. Mishra et al. [25] investigate the effect of 

radiation and non-uniform heat source on the unstable, magneto-hydrodynamic viscous fluid 

through a heated plate with time-dependent suction and viscous dissipation.  

Chiranjeevi et al. [26] investigated the issue of the MHD boundary layer flow analysis 

in the presence of thermal absorption with heat generation and chemical reaction past a plate. 

To simulate the 2D unstable magneto-hydrodynamic flow of an electrically conducting fluid 

over a permeable plate, a mathematical model has been developed by Suneetha et al. [27] to 

simulate the value of thermal radiation. Empirical analysis has been done on a nanofluid's 

thermal transportation characteristics with radiation effect was performed in Turkyilmazoglu 

et al. [28] and invented that the lowest heat transfer occurs for TiO2 and the highest for Cu. 

MHD heat transfer flow between two parallel plates was inspected by Sheikholeslami et al. 

[29] under thermal radiation for both Brownian motion and thermophoresis. Satya Narayana et 

al. [30] discussed thermal radiation characteristics on the MHD nanofluid flow bounded by a 

time-oscillating constant frequency with a constant heat source. Using the Laplace 

transformation technique, Pandit et al. [31] studied chemical reactions and radiation effects on 

unstable MHD electrically conducting viscous fluid with heat-absorbing over a flat plate. 

Variable thermophysical properties are studied numerically under the act of radiation and a 

magnetic field for an unstable Couette copper-water nanofluid by Wakif et al. [32] in the case 

of two parallel plates by keeping one of them in an accelerated motion. Heikholeslami et al. 

[33] addressed Lorentz force and radiation's impact on nanoparticles (Al2O3-H2O nanofluid 

with different shapes) treatment via a porous semi-annulus using an advanced numerical 

method. Raza et al. [34] deliberated combined effects of thermal radiation and magnetic field 

of nanofluid molybdenum disulfide in a wall-changing tube, considering water as a base fluid 

and MoS2 as nanoparticles of various shapes. Ramalingeswara Rao et al. [35] were concerned 

with studying radiation absorption and heat source on an unstable MHD Casson fluid past an 

exponential plate. 

The above literature is the motivation behind the main emphasis in studying 

hydromagnetic boundary layer nanofluid flow past a moving vertical plate consisting of three 

different nanoparticles Cu, Al2O3, and TiO2  containing water as a base fluid in the presence of 

a uniform moving magnetic field, when the magnetic field fixed to the plate or the fluid. We 

obtained a closed-form solution using Laplace transform procedure without any limitation. 

Fluid properties have been discussed for a moving as well as the static plate through graphs for 

different water-based nanoparticles and also non-dimensional parameters which are involved 

in the physical problem. 
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2. Materials and Methods 

 2.1. Mathematical formulation. 

  Consider an unsteady, free convective, hydromagnetic flow of impulsive water-based 

nanofluid consisting of nanoparticles Cu, Al2O3, and TiO2 through a moving vertical plate 

under the influence of an unvarying moving magnetic field. The x -axis is measured upwards 

along with the vertical plate, and y -axis is exactly normal (perpendicular) to it, as shown in the 

problem's geometry. A static, moving magnetic field of strength 0B is imposed relative to the 

fluid as well as to the plate. Also, radiative heat flux rq  is considered perpendicular to the plate 

and assumed that the pressure gradient is neglected. The nanoparticles of the nanofluid and the 

suspended nanoparticles are uniform in size, shape in thermal equilibrium. In order to develop 

a mathematical model for a closed-form solution, we assume the following assumptions. (i) 

Initially at 0,t =  the plate is static with a temperatureT and surrounding fluid at all the points 

have the same temperature in the region y 0; (ii) At t 0,  the temperature of the plate 

increases or decreases w once the plate starts moving with the velocity 0u u=  in the direction 

of the vertical plate; (iii) The induced magnetic field is negligible; (iv) The density variations 

in the body force with respect to temperature only; (v) The fluid is flowing only in x -axis. The 

geometry and its physical interpretation are shown in Figure 1. 

 
Figure 1. Geometry and coordinate system. 

With respect to the above assumptions, the governed PDE’s equations are: 
2

2

02
( ) ( ) ,n f n f n f n f

u u
g T T B u

t y
   

 
= + − −

 
                

                                                          

   

(1) 

2

2
( ) .r

p n f n f

qT T
c k

t t y


 
= −

  
                                                                                                    

(2) 

When, 0B fixed to an exponentially accelerated plate, Eq.(1) becomes,   

( )
2

2

0 0 02
( ) ( ) exp ,n f n f n f n f

u u
g T T B u u a t

t y
   

 
 = + − − −   

                                                

(3) 

now substitute Eq. (3) in (1), we get  
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( )
2

2

0 0 02
( ) ( ) exp ,n f n f n f n f

u u
g T T B u K u a t

t y
   

 
 = + − − −   

                                       

(4)  

and the corresponding conditions are 

0: 0,t u =        ,T T=    for 0,y   

00 : ,t u u =     
,wT T=     at 0,y =  

0, , as .→ → →u T T y                                                                                         (5)         

Here, 0,1K =  represents when 0B fixed to the fluid or to the plate respectively, the plate is 

stationary when 0 = and is in forth and back movement when 1. =    

The thermal radiation by Rosseland [1931] approximation is 
* 4

*

4
.

3
r

T
q

k y

 
= −


                                                                                                                       (6) 

substituting Eqs. (6) in Eq. (2) we get 
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.

( ) 3
nf

p nf

TT T
k

t c k y






  
= + 

  
                                                                                            (7) 

The thermophysical properties of the nanofluid are given by 
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Introducing non-dimensional quantities 
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Rewrite Eqs. (4), (5) and (7) using Eqs. (8) and (9), we get in dimensionless form as follows. 

0
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radiation parameter; Pr
f p

f

c

k
=


 is the Prandtl number, and 
3

0

( )f f wg v T T
Gr

u

−
=


 is the 

Grashof number.  

The dimensionless equations and conditions (10)-(12) are solved using the Laplace transform 

technique  

2
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The skin-friction and the Nusselt number in the non-dimensional form are  
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(17) 

3. Results and Discussion 

To understand the physics of the model, an analytical study has been conducted, and 

results are presented in the form of plots. The fluid properties such as velocity, skin friction, 

and heat transfer rate are discussed for different water-based nanoparticles and most significant 

non-dimensional parameters like magnetic parameter
2( ),M radiation parameter ( ),Nr volume 

fraction parameter ( ), and thermal Grashof number ( )Gr in figures 2-19.  Here, the values of 

volume fraction are taken from 0 to 0.2. To verify the obtained results are correct or not, a 

comparative study has been done when 0B fixed to the fluid ( 0)K = with the available literature 

in the absence of a few non-dimensional parameters and found good agreement. This analysis 

1 = −  represents the vertical plate's downward motion, 1 =  represents the upward motion 
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of the vertical plate, and 0 =  represents the static plate. The thermophysical features of water-

based nanoparticles are given in Table.1. 

 The transverse velocity profile behavior subjected to different nanofluids (Water-based 

nanoparticles Cu, Al2O3, and TiO2) with the same volume fraction 0 and 1K K= = is shown 

in figures 2 and 3. The velocity profile decreases for Copper, Aluminum Oxide, and Titanium 

dioxide due to an enhancement in dynamic viscosity from these figures. Also seen that copper 

has the highest variation and Titanium dioxide having the least variation in velocity 

0 and 1.K K= = Figures 4 and 5 illustrates velocity variations for distinct values of the 

magnetic parameter and understands that as the magnetic field increases, the velocity gets 

increase for 0 and 1.K K= = The reason is, the inclined magnetic field will result in a Lorentz 

force because it has only one component in the fluid direction, which helps to accelerate the 

velocity distribution. Also seen that copper has the lowest variation, and titanium dioxide 

having the highest variation in velocity profiles. The effect of thermal Grashof number on 

transverse velocity is presented in figures 6 and 7 and observed that the velocity distribution 

increases when copper has the highest variation and titanium dioxide have the least variation 

in velocity. The physics behind it is that as increasing Grashof number, the buoyancy force and 

its allied forces become stronger, suppressing the viscous force. Ultimately, because of this 

viscous force, fluid gets accelerated because Grashof number is the ratio of thermal buoyancy 

force to the viscous force. 

 Figures 8 and 9 show the effect of solid volume fraction on dimensionless velocity and 

noticed that fluid flow gets accelerated as increasing in both cases for moving and static plate 

because the viscous forces become weak when momentum boundary layer thickness enhances 

in a rise in the velocity profile. The effect of the radiation parameter on velocity is drawn for

0 and 1K K= = in figures 10 and 11 and noticed that velocity profiles enhance as the thermal 

radiation increases in fluid. The physics behind it is, the bonds between fluid components 

become weak due to the enhancement of higher energy transport. Thus velocity gets 

accelerated for a moving plate as well as a static plate. 

 Figures 12-19 show the variation in Skin friction, heat transfer rate for different 

nanoparticles as well the magnetic parameter, radiation parameter, fraction parameter ( ), and 

thermal Grashof number. Figure 12 shows that the local skin friction coefficient increases for 

different nanoparticles (Water-based Copper, Aluminum oxide, and Titanium dioxide) when

0K =  moving like a well static plate. An opposite behavior is seen when 1K =  for moving as 

the well static plate is observed from Fig.13. Similarly, from figure 14, as the magnetic 

parameter increases, the local skin friction coefficient decreases when 0K =  for the moving 

plate and static plate, and from Fig.15, the skin friction coefficient increases when 1K =  for 

the moving plate and static plate. The effect of Grashof number for 0 and 1K K= =  on the 

local skin friction coefficient is illustrated in figures 17 and 18 for the moving and static plate. 

It is revealed that the skin friction coefficient decreases as Gr it increases for 1and =0. =   

Figure 18 illustrate that, as increasing Nr values increases heat transfer rate when 0K = for 

moving plate as well as the static plate. The physics behind it is, the temperature gradient 

becomes more powerful dominant when thermal radiation has larger values. This domination 

increases the rate of heat transfer. The effect of Pr on the rate of heat transfer is presented when

1K = for the moving plate as well as a static plate in figure 19, and it is noticed that there is a 

heat transfer for higher Pr values due to thermal conductivity relatively small for higher Prandtl 

values. Hence conduction of heat becomes weak for such fluids. 
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Table 1. Thermophysical properties of water and nanoparticles. 

Physical properties Water/ base fluid       Cu (copper)       Al2O3 (alumina)         TiO2 (titanium oxide) 

 (kg/m3) 997.1 8933 3970 4250 

pc (J/kg. K) 4179 385 765 686.2 

k (W/m. K) 0.613 401 40 8.9538 

 105(K-1) 21 1.67 0.85 0.90 

  0.0 0.05 0.15 0.2 

 (S/m)
 

5.5  10-6 59.6  106 35  106 2.6  106 

  
Figure 2. Velocity variation of various nanofluids, 

when K=0. 

Figure 3. Velocity variation of various nanofluids, 

when K=1. 

  

Figure 4. Velocity variation of
2 ,M when K=0. Figure 5. Velocity variation of 

2 ,M when K=1. 

  
Figure 6. Velocity variation of Gr,when K=0. Figure 7. Velocity variation of Gr,when K=1. 
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Figure 8. Velocity  profile for different when 

K=0. 

Figure 9. Velocity  profile for different when 

K=1. 

 
 

Figure 10. Velocity variation of Nr,when K=0. Figure 11. Velocity variation of Nr,when K=1. 

 
 

Figure 12. Skin-friction of various nanoparticles 

when K=0. 

Figure 13. Skin-friction of various nanoparticles 

when K=1. 

  

Figure 14. Skin-friction for various
2 ,M when 

K=0. 

Figure 15. Skin-friction for various
2 ,M when 

K=1. 
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Figure 16. Skin-friction for various Gr,when K=0. Figure 17. Skin-friction for various Gr,when K=1. 

  

Figure 18. Nusselt number for various Nr,when 

K=0. 

Figure 19. Nusselt number for various Pr,when 

K=1. 

4. Conclusions 

 A parametric study has been done to obtain an exact solution for an unsteady, free 

convective, hydromagnetic flow of impulsive water-based nanofluid consisting of Cu, Al2O3, 

and TiO2 past a moving vertical plate in the occurrence of a uniform transverse magnetic field 

and radiative heat flux when 0and 1K K= = for moving as well as the static plate. The 

governing PDE’s along its initial and BC’s are solved using Laplace transform technique after 

converting into dimensionless form. The non-dimensional parameters associated with 

momentum and energy equations are illustrated with the help of plots for velocity, Skin friction, 

and Nusselt number. Based on this analysis, the following conclusions are drawn: (i) The 

velocity accelerated for a moving plate as well as a static plate for all nanofluids (water-based 

nanofluid consisting of Cu, Al2O3, and TiO2), as well as the magnetic parameter, Grashof 

number, Radiation parameter, Volume fraction parameter enhances when 0 and 1.K K= =  A 

reverse trend is observed in nanofluids when 0 and 1;K K= = (ii) The skin friction coefficient 

increases for a moving plate as well as a static plate when 0K = and decreases when 1K = for 

all nanofluids; (iii) The skin friction coefficient decreases for moving and static plate, when

0K = and increases, when 1K = as the magnetic parameter increases; (iv) The skin friction 

coefficient decreases for a moving plate and static plate when 0K = and increases when 1K =  

as thermal Grashof number increases; (v) The rate of heat transfer enhances for a moving plate 

as well as a static plate when 0K = as Nr increases, and it decreases when 1K = as Prandtl 

number increases. 
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