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Abstract: Dental implants used are usually metallic. One of the most widely used materials for the 

same is Titanium-based alloy like Ti-6Al-4V, which suffers difficulty processing and machining due to 

its thermo-physical properties. The thermo-physical property of the material plays a significant role in 

the biocompatibility and safety to use them as dental implants. Due to its hardness and difficult-to-

machine characteristics, a large amount of heat gets generated while machining, creating dimensional 

error. Hence before assembly of parts, they must be processed so that stress deformation of the assembly 

due to heat can be avoided. During machining of Ti-6Al-4V, the cooling strategy needs prior 

information on the thermal field, and hence, the distribution of temperature in the material is an essential 

domain to study. To understand the thermal distribution in the material during machining, 3-

dimensional heat diffusion equations have been solved using a Finite Difference scheme coupled with 

the Liebmann method to generate the thermal distribution in the material. An efficient parallelized code 

for the same has been written in MATLAB and utilized in this numerical study. This study reveals the 

variation of the temperature gradient with time and space, all along with the three orthogonal directions, 

which will be helpful for the scientists, engineers, and surgeons to ascertain the sustainability [1, 2], 

suitability, and longevity of the implants. 

Keywords: Dental Implants; Thermal Distribution in Machining; Numerical Schemes; 3D Heat 

Diffusion; Transient Heat Diffusion; Finite-Difference method; Liebmann method; Matlab, 

Vectorized Cloud Computing. 
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1. Introduction 

The dental implant, medically termed an endosseous implant, is a part used as a bridge 

between the bone of the jaw or skull and the artificial denture. These are metallic (the most 

common one is a titanium alloy Ti-6Al-4V) and usually comprise three sections, as shown in 

Figure 1 (a) [3], out of which two are metallic. The lower part (implant) goes into the jaw and 

the upper part (abutment) within the crown [4]. As the implant part is required to be fitted 

inside the human body, machining requires precision, dimensional stability, and accuracy [5]. 

The problem gets more complicated as the two parts need a different type of machining status. 

The implant is roughly machined (for coating purposes), whereas the abutment requires fine 

machining (Figure 1 (b) [6]). Ti-6Al-4V owing to its hardness and difficult to machine 

characteristics, generates a large amount of heat which creates dimensional error while 

machining. Hence prior to assembly of parts, they are required to be processed so that stress 

deformation of the assembly due to heat can be avoided. Moreover, the cooling strategy [7, 8] 
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needs prior information on the thermal field, and hence, the distribution of temperature in the 

material is an essential domain to study. The present paper focuses on the same.      

  
Figure 1. Dental implants: (a) components [3]; (b) machining conditions [6].  

The heat conduction process involves the flow of heat energy from a higher thermal 

gradient zone to a lower thermal gradient zone through materials. Thermal systems having 

pseudo transient phase, after the passage of time reaches the steady-state situation. A complex 

mathematical treatment coupled with Taylor series expansion is required to solve steady-state 

or transient heat conduction/diffusion problems [9, 10]. Scientists and engineers extensively 

utilize various numerical schemes to solve real-life problems with various stringent boundary 

conditions [11-14]. Shen et al. [15] highlighted the benefit of various numerical schemes for 

numerical analysis of thermal flow field. Karaa and Zhang [16] discussed the advantages and 

limitations of various iterative schemes to solve conduction/ convection problems. Mishra [17] 

carried out the numerical heat transfer analysis through a 2-dimensional plate with various 

popular numerical schemes. Hard materials like titanium and its alloys, which are extensively 

used in implants, have different thermo-physical properties as compared to industrial/structural 

materials. The processing of such metal and alloys play a crucial role in its usability [18]. Heat 

flow analysis through absorbing medium has been made by Kovtanyuk and Chebotarev [19]. 

Lam [20], Lam, and Fong [21] utilized the Phase Lagging technique to solve various heat 

diffusion problems. Woodbury et al. [22] developed an analytical solution for 2-dimensional 

heat diffusion through a thin plate with constrained heating at one of its boundaries. Miranda 

and Felipe [23] worked on diagnosing cancerous and malignant cells in the human body 

utilizing various heat sources. Similarly, Frunza and Luca [24] did for laser-assisted surgery 

and dental contacts. Computational studies on heat transfer in electronic microchips for 

complex network circuits have been carried out by Bahşi and Çevik [25]. The estimation of the 

distribution of temperature for bi-directional unsteady heat diffusion utilizing finite difference 

method [26], a multi-grid technique[27], heat networks[28] in a steady-state condition and 

moving source technique [29], heating and cooling of 2-dimensional solid using Cattaneo-

Vernotte technique for realistic analysis [30], computational analysis on heat conduction using 

Monte-Carlo technique [31]and process of verification of code [32] helped in basic 

understanding the aspects of numerical heat conduction/diffusion in different engineering 

materials [33, 34].  

Reviewing the related research papers in the conduction/diffusion of heat, it can be seen 

that transient analysis of multi-dimensional heat flow characteristics is scanty, and the optimal 

solution of such complex engineering problems poses a numerical challenge. The useful 

solution of multi-dimensional heat transfer requires an efficient computational algorithm 

coupled with computational resources, which otherwise incur computational time and cost.  
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The present work relates to numerical analysis on a 3-dimensional transient heat 

conduction/diffusion problem using the most popular Finite Difference scheme. In this 

analysis, the effects of radiation and advection have been neglected. An efficient parallelized 

code has been written in MATLAB (R-2021a), and code validation has been done with the 

analytical solution. 

2. Materials and Methods 

2.1. Model equations and statement of the problem. 

The flow of heat energy through a solid material from a higher temperature to a lower 

temperature zone in multiple directions is governed by the law of Fourier heat conduction [35]. 

The general form of governing heat equation for the case of transient heat  conduction/diffusion  

can be written as [36],  

2( , )
( , )p

u r t
c P u r t

t



= 



r
r

        (1)

 
where u is the field variable, and it is equivalent to temperature. ρ is the density of the material. 

cp being the specific heat and P is the thermal conductivity of the material.  The space vector  

( , , )r x y z=
r

          (2) 
 The gradient term in the right hand side in the equation (1) is expressed as  
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In the case of constant thermo-physical property of the material, the equation (1) can 

be expressed as  
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the equation (4) reduces to 
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The term ' φ ', the thermal diffusivity, plays a crucial role in the heat transfer through 

conducting material. To obtain the solution of heat equation as shown in equation (5), which is 

exhaustive and the solution schemes are based on some crucial factors such as the geometrical 

domain of the heat flow, the complexity of the boundary conditions, and desired numerical 

accuracy desired in the solution. One of the most accurate ways to get the thermal field solution 

within the material is to adapt the analytical solution technique. To formulate the analytical 

expression for the three dimensional heat flow, the technique of separation of a variable can be 

used, which is explained below. Rewriting the equation(5) for  three dimensional Cartesian 

coordinate, the following relation can be obtained

 

2 2 2

2 2 2
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u u u u
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Using the separation of variable method, let us express the temperature u as 

( , , , ) ( ) ( ) ( ) (t)u x y z t X x Y y Z z =        (7) 

Substituting the equation(7) into equation(6), which results in

 

2 2 2
2

2 2 2

1 1 1 1d X d Y d Z d

X dX Y dY Z dZ dt





+ + = = −        (8)

 

where -μ2 is the separation constant, and it is a real number. To obtain bounded solution, it is 

required to separate the function of time, which is τ, to the right-hand side from X, Y, Z. From 

the 

expression of 
1 d

dt




in equation(8), the solution becomes

 

( )
2tt Ge  −=           (9)

 
where G is the integrating constant. The next step is to separate the expression of X, Y from Z. 

for this, taking

  

2

2

1 d Z

Z dZ
 portion in equation (8) on the right-hand side and assuming another 

separating

 

constant -λ2, it is possible to write the following equation as shown in equation(10).  
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Hence the Z equation becomes 
2

2

2
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d Z
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where 
2 2 2  = − . Thus the solution of Z equation becomes 

1 1( ) sinZ z E cos z F z = +                    (12)
 

The next step is to separate out the function X and Y as follows: 
22 2

2 2

2 2

1 1d X d Y

X dX Y dY
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Here -2  is another separation constant and hence the following relations can be 

obtained. 
2
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where 
2 2 2  = − . 

Now the solution for the X is obtained as 

( ) Acos sinX x x B x = +         (16) 

Similarly for Y , it is written as  

( ) cos sinY y C y D y = +         (17) 

Therefore, the required relation is  
2

1 1( , , , ) (Acos sin )( cos sin )( sin )e tu x y z t x B x C y D y E cos z F z       −= + + + (18)
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In equation(18), the constants have been redefined as E=E1G,  F  = F1G  and 

μ2=2+2+2 

To obtain the solution in equation(18), using A=B=C=D=E=F=1 and taking a  

parallelepiped of

 

characteristic dimensions

 

0 ,0 ,0x a y b z c       and which are kept at 

zero temperature. 

If initially, the temperature of the solid is   given by 
 

( , , , 0) ( , , )u x y z t f x y z= =        (19) 

having the boundary conditions(BCs) 

(0, , ) ( ,0, ) ( , ,0) 0u y z u x z u x y= = =       (20) 

The final solution is given in equation(21)  
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0 0 0

( , , ) ( , , )*sin( )sin( )sin( )dxdydx

a b c
m x n x q x

F m n q f x y z
a b c

  
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Hence, equation (21) gives the analytical solution for the 3D transient heat equation 

with specified initial and boundary conditions [37].  

Equation (21) is the benchmark for comparing the 3D transient heat equation solution 

using various methods. Although equation (21) is supposed to fetch the best and accurate 

solution, obtaining the thermal flow field using the analytical relation mentioned in 

equation(21) is indeed a herculean task requiring further mathematical treatment. Hence a 

compatible numerical technique has been adopted for the solution in the heat equation(6).  

Rewriting the equation(6) as  

2 2 2

2 2 2

1u u u u

x y z t
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+ + = 

    
      (23) 

With the use of Taylor series expansion and by neglecting higher-order terms, the first 

term on the left-hand side in equation(23) can be expressed as equation (24) which is 2nd order 

accuracy. 
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In a similar manner, the second term and third term of the left-hand side in the 

equation(23) can be expressed as 
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Replacing x and y and z with indices i and j and k the equations (24-26) and central 

difference scheme, the following equations can be obtained as shown in equations(27-29). 
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In a similar manner, using a forward time scheme, the right-hand side in the equation 

(23) can be expressed as  
1

, ,, ,

, , , ,

1 1 1
m
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Replacing equations(27-30) in equation(23), the resulting 3D transient governing heat 

equation takes in the form as shown in equation(31). The equation(31) is based on Forward 

Time Central Space (FTCS) scheme, which is most commonly used [36].  
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  (31) 

In the present case, a parallelepiped of characteristic dimensions 

0 1,0 1,0 1x y z       has been taken. The computational 3D mesh along with the stencil 

for the same is shown in Figure 2. One of the faces (yz) is kept at 100 degrees Celsius, and all 

other volume faces are kept at room temperature (30 degrees Celsius). The thermal diffusivity 

of the material under consideration is φ =9.75 x 10-6 m2/s. 

Determining the temperature field in position ui,j,k for any temporal value (um+1), the 

solution of equation(31) is desired in all interior grid points. To obtain the stable and 

meaningful solution of equation (31), an optimal value of Δt is to be taken depending on Δx, 

Δy , Δz and based on the Fourier stability number Fu [38]. As for the case of the 3D case [39], 

2 2 2

1

( ) ( ) ( ) 2

t t t

x y z

     
+ +  

   
      (32) 

 

Considering equal spacing of grid points along x,y and z directions, x y z h =  =  =   

in equation (32), the following relation can be obtained for stability criteria (equations (33, 34), 

1

6
uF           (33) 

where, 
2u

t
F

h



=


       (34) 

2.2. Assumptions for the analysis. 

In this present study, the assumptions taken have been given below: 

1) Pure 3-dimensional heat conduction/diffusion 

2) Cartesian  equal grids along the direction of heat flow 

3) Constant diffusive property of the material 

4) No heat generation in the system 

5) Effects of Radiation and advection on the transfer of heat  have been neglected 
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Figure 2. Schematic of 3D mesh with a computational stencil. 

 
Figure 3. Sample Linear Algebraic Equations (LAEs) derived from equation (31). 

2.3. Methodology. 

The solution of the FTCS equation (31) has been carried out for all space mesh points 

(i=1,Nx-1, j=1, Ny -1, k=1, Nz -1) and for all time steps, where Nx, Ny, and Nz are the total 

number of nodes along with the three orthogonal directions. To optimize the number of nodes 

for the numerical analysis, three different sets of node count have been chosen, which are (82 

x 82 x82), (102 x 102 x102), and (122 x 122x 122). Equation (31) when applied to three 
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different sets of  internal node points, (80 x 80 x80), (100 x 100 x100), and (120 x 120x 120). 

It resulted in 5.12x105, 1.0x106, and 1.728x106  linear algebraic equations (LAEs) for the 

particular instant of time, and they are illustrated in Figure 3. These LAEs (Figure 3) are solved 

using the popular iterative explicit-numerical scheme  Liebmann method with proper numerical 

stability conditions [40]. As stated earlier, an efficient parallelized code has been developed 

and written in the MATLAB (R-2021a) platform. As the code is quite exhaustive, a screenshot 

of a portion of the code has been provided in Figure 4 so that one can have an idea of it. The 

validation of the code is being done by comparing the results obtained from the equation (21) 

with the iterative numerical scheme, and the results show the maximum error of 0.1% against 

the convergence(10-6). As discussed earlier, the grid dependency test has also been carried out 

using three different sets of nodes, and no difference in the results was observed. Hence, (82 x 

82 x82) nodes were selected for all the numerical experimentation.  

 
Figure 4. Snapshot of the developed code written in MATLAB (R-2021a) platform under vectorized cloud 

computing.  

3. Results and Discussion 

Using the assumptions stated above and the various equations and boundary conditions, 

the code was developed and run in MATLAB platform under vectorized cloud computing. The 

results were provided, and 3D plots were generated. After many iterations and refinement, the 

results were found to be consistent and stored. For better understanding and visualization, the 

visual results presented here are categorized under two sections: 

a) Iso-contours at a particular temperature at different time steps 

b) Iso-contour for different temperatures at a particular time step 
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Figure 5 is for case (a), whereas Figure 6 caters to case (b). The choice of temperature 

(in case (a)) and choice of step (in case (b)) are taken arbitrarily as the contour is similar in all 

the cases; only the value changes. For better visualization and understanding of the complexity 

of the solution, Figure 7 has been provided to show the temperature contour and corresponding 

iso-contours at the 500th time step. 

On closely observing the figures, it can be inferred that the temperature gradient is 

initially very high, which gets smoothened subsequently. So it clearly indicates that in the 

initial machining period, a high amount of heat gets generated locally, resulting in thermal 

stresses being stored in the insert, which can be the major constraint for dimensional or even 

structural stability. Hence proper cooling and heat removal strategy is required to be 

implemented for such critical machined components.  

 
Figure 5. Iso-contours for 40 deg C temperature at different time step: (a) Initial; (b)50th time step; (c)100th time 

step; (d)150th time step; (e)200th time step; (f) 500th time step. 

 
Figure 6. Iso-contour for different temperatures at 50th time step: (a) 40 deg C; (b) 50 deg C; (c) 60 deg C; (d) 

70 deg C; (e) 80 deg C; (f) 90 deg C. 
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Figure 7. Temperature contour and corresponding iso-contours at  500th time step. 

4. Conclusions 

Dental implants have become quite common today, and the most widely used material 

is titanium-based alloy like Ti-6Al-4V, which suffers difficulty in processing and machining 

due to its thermo-physical properties. Due to its hardness and difficult to machine 

characteristics, while machining, a large amount of heat gets generated, creating dimensional 

and even structural errors. The present work is directed towards investigating the temperature 

gradient and its profile so that before the assembly of the two parts, they are to be processed 

for stress relieving, and also a concrete cooling strategy is also required to reduce the thermal 

stresses in situ. The study was done with the above objective and provided information on the 

thermal field and distribution of temperature in the material during various machining stages. 

Earlier people [23, 24] have done similar work under a 2D environment, simpler than a 3D one 

but at the cost of incomplete information. This work was done with a 3D environment and was 

possible only with Vectorized Cloud Computing due to its complexity. The work resulted in 

the following generalized outcomes: 

During machining of such materials, the temperature gradient is very high initially, 

which gets smoothened subsequently. So in the initial machining period, a high amount of heat 

generation results in developing a large amount of local thermal stresses, causing dimensional 

or even structural instability. Hence initially, the machining time has to be increased with 

proper choice of machining parameters. 

As an augmentation to the above proper cooling and heat removal strategy must also 

be implemented to arrest the temperature gradient further and remove heat generated. 

The various data generated by this work would help the designer, manufacturer, and all 

the related personnel for accurate, compatible and sustainable implants for the patients. Last 

but never least, society would get a better product to use. 
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