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Abstract: The effect of time-periodic heating in Boussinesq-Stokes suspension with three diffusing
components has been carried out for the linear case. The correction Rayleigh number is obtained by
applying the perturbation method to effectually control the convective flow by varying amplitude and
frequency of modulation, and the eigenvalues are obtained by the VVenezian approach. The time-periodic
heating has been carried out for three cases: symmetric, asymmetric, and modulating only the lower
boundary. It is found that the system is stable for smaller values whereas unstable for moderate values
of frequency of modulation.
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1. Introduction

The very well-known Rayleigh-Bénard convection problem that is due to the density
differences confined between upper and lower plates caused by the temperature difference is
known to be single-component convection. Suppose two stratifying agencies are considered
with different diffusivities. In that case, such problems are known to be two-component
convection, and if three stratifying agencies are considered with different diffusivities, then
such problems are known to be three-component convection. Turner [1] was one of the first
authors to study problems involving two or more components and found some interesting
results. These problems have applications in the fields like chemical studies, geophysics,
astrophysics, solidification of alloys, and so on. The work on triple diffusive convection has
been investigated for decades. It has recently been examined by Gayathri et al. [2], Pranesh et
al. [3], Singh [4], Pranesh et al. [5], and Jawali and Mikhail [6].

Non-Newtonian fluids vary from Newtonian fluids, where the relationship between the
flow field and shear stress is more sophisticated. The study of such fluids has fascinated
researchers for its real-world applications in industry, largely in biology, oil industries,
chemical studies, etc. Boussinesg-Stokes suspension is a non-Newtonian fluid with distinct
features, for instance, polar effect with the capability to possess massive viscosity. Boussinesg-
Stokes suspension and classical Cauchy stress have given rise to a new evolution in the analysis
of fluid micro continua. One such Boussinesq-Stokes suspension could be the fluid in the
synovial joints. The Boussinesg-Stokes suspension theory was established by Stokes [7]. Many
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authors have been examining Boussinesqg-Stokes suspension, and more recently, Sameena [8,
9] Hussain et al. [10], Aziz et al. [11], Meghana et al. [12], Dhananjay et al. [13], and Ojjela
et al. [14] have studied such fluids.

There are different ways to control convection, and one such is by retaining a non-
uniform thermal gradient, but then it is only space-dependent. On the contrary, non-uniform
thermal gradients find their basis in transient heating or cooling at the boundaries in several
real situations. Thus the basic thermal profile not only depends on time but also on position.
These kinds of problems are referred to as time-periodic heating. This takes account of the
result of the energy equation under suitable time-dependent boundary conditions. These are
used as mechanisms to effectually control the convective flow by varying amplitude and
frequency of modulation, which will either stabilize or destabilize the system. Like in the case
of crystal growth while solidifying the alloys. The first work in thermal modulation was done
by Venezian [15], and more recently Sameena and Pranesh [16], Rui et al. [17], Kanchana et
al. [18], Jabrane and Karam [19], Nasseri et al. [20], and Christopher and Stefan [21] have
considered thermal modulation.

Considering the wide range of applications mentioned, it has motivated and led the
study on the time-periodic heating in Boussinesq-Stokes suspension with three diffusing
components.

2. Mathematical Formulation

Consider a layer of Boussinesg-Stokes suspension confined between two infinite
horizontal plates separated by a distance ‘d’ apart and the uniform directed along the z-axis. A
Cartesian system is occupied with origin in the lower boundary and z-axis vertically upward
(Figure 1). Let AT, AS; and AS,, be the thermal and solute concentration differences of the fluid

between the plates. Proper single-phase thermal and two-phase solute transport equations are
chosen with thermal capacity ratios and diffusivities.

Z _ 1 :
S, =S, =S, R T—TS—EﬂT[l—acos(;t—q:-}]
z=d
g Y
Couple Stress liquid
z=0 » X

S1 =5y +451.8; =5y +48, T=T, —%ﬁT[l—aces{“ft]]

Figure 1. Physical configuration.

The governing equations for time-periodic heating in Boussinesg-Stokes suspension

with three diffusing components under Boussinesquian approximation are:
V=0, 1)
(20 [ _ = 2= "Ths
Po| = +(@V)4|=-Vp+pg+uv-g-pnv-,

a @
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%+ (G.V)T =xV°T, )
oS, .
El +(@V)S, = X31V251' (4)
oS _
?2 +(G.V)S; =%xs2V7S;, ®)
p= Poll— at(T —To)+ O051(51 _Slo)+ 0‘52(52 — Sy, )J’ (6)

where, G is velocity, p is pressure, pg is the constant density, p is density, g is the gravitational

force, u is viscosity, M' is the couple stress viscosity, T is temperature, S, is solutel, S, is
solute2, y is the thermal diffusivity, y g, is solutel diffusivity, yg, is solute2 diffusivity, o
is coefficient of thermal expansion, ag, is the coefficient of solutel expansion and ag, isthe
coefficient of solute2 expansion.

The thermal boundaries are time-dependent, externally imposed, and are taken as

TO,t) =T, + %AT[].-F ecos(yt)], @

T(d,t)=T, —%AT[l—acos (t+o), ®)

where, € is the amplitude of modulation, Y is the modulation frequency, and ¢ is the phase
angle. The thermal modulation becomes operative by using the boundary conditions (7) and

8).
SI'f?e time-periodic heating has been carried out for three different cases:
(a): Symmetric case (for in-phase, where ¢=0)
(b): Asymmetric case (for out-of-phase, where ¢ =m) and
(c): Modulating only the lower boundary case (where ¢ =—io)

3. Basic State

Consider the fluid to be motionless:
dp =(0,0,01,p=py(2),p=pp(2). T=T,(2),S; =51,(2).S; =S5, (2) . ©)
where the subscript ‘b’ represents the basic state.

Substituting equation (9) in equation (1) to (6), we get,

dpy
— 4 =0, 10
4 PpY (10)
oT, 0°T
Mo _, 0o (11)
ot oz
a%s,

b

_0, 12
P, (12)
a%s,

b

=0, 13
P (13)
Pp :po|_1_(xt(Tb _To)+0‘31(31b -3y )+0°sz(szb —Sy, )J (14)
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The solution of equation (11) that satisfies the thermal boundary conditions defined in
(7) and (8) is
T,(z,t) =T (z) + €T (z,1), (15)
where

\Z -Az

T (1‘% . {A@)ed + A(x)ed]e‘vt}, r=(- i)@j and
AT| e —g™*
AL)= 7{ﬁ}

4. Linear Stability Analysis

N |-

The stability of the motionless state is examined by giving the following perturbation:
q=0p, +G.p=pPp +P.p=pp +p"
T=T,+T,S,=S; +5,,5, =S, +S,
where the prime in (16) directs that the quantities are infinitesimal perturbations.
Substituting equation (16) in equations (1) to (6), using basic state solutions (10)-(15)
and by non-dimensionalizing using the subsequent definitions:

e e X z) . t . '
(x,y,z)[ y ]t= q =

(16)

d d'd 2 d’
2 | /" | an
. d T S,
p _M p’ _AT!(I) A ¢52_ASZ

We attain the below mentioned dimensionless equations where the pressure term is
eliminated and stream function  are introduced (by dropping the asterisk):

1 0 (o2 \_ 4. b a9 Odg Obs2 |, 18
Prat(v y)=Vviy—cv \|1+[ Ra "’ +Rg %4 Ry, axJ (18)
B _ 0w O _ 29 (19)
ot ox oz
0 0
% +% =71V2¢81’ (20)
0
%WL%:HVZ@)S{ (1)
where,
pr=-t (Prandtl number),

PoX
C= % (Couple Stress parameter),

vl

ATd
Ra = Pot9271¢ " (Rayleigh number),
Ky
AS,d

R = pOGSfX ! (Solute Rayleigh number1),
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AS,d*
R, = Po%s2022, (Solute Rayleigh number2),
wx
T, = Xs1 (Ratio of diffusivity of solutel and heat diffusivity),
T, = Xs2 (Ratio of diffusivity of solute2 and heat diffusivity).
X
T
In equation (19), (%j is the non-dimensional form of (a—b)
oz 0z
where
o0
=0 — 14 6f(2), (22)
oz
f(z)=Re {lA(X)eM + A(=1)e M Je“yt } (23)
AT|e® —e
and AAN)=— | ———|. 24
-s[ere] .
Eliminating 0, ¢5 and ¢5, from equations (18)-(21), we get the equation for y in the
form of:
o0, 0°
z X
where
X, =| = 0v2 _[-cv?)v* |, X, = (Q—vzj, X3 = (ﬁ—quj and
Pr ot ot ot
0 2
Xg=|——-12V°|.
’ [at 2 j

In dimensionless form, the velocity boundary conditions for solving equation (25) are
attained in the form:
2 4 6 8 10 12
a‘2"=a‘i’:‘a‘é*s’:a;":a1:')’=a1"2’=0z;1tz=o,1. (26)
0z oz 0z oz 0z 0z

\|]=

5. Method of Solution

We seek out the eigenvalue Ra and eigenfunction y of the equation (25) for the basic

thermal distribution (22) that proceeds from the linear profile 68& = —1 by order quantities ¢
z

As a result, the eigenvalues of this considered problem vary from those of the ordinary
Bénard convection. We seek out the solution of equation (25) as:

(Ra,y) = (Ray, yy) +e(Ray, yy) + €2 (Ray, Wy) + e, (27)

We obtain the below equations by substituting equation (27) in equation (25) and by
equating the coefficients of like powers of ¢:

Ly =0, (28)

o2y
Ly, =[Ra; X, X; - f Ra0X4X3]?20, (29)
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0 0°
Ly, =[Ra, X, X, —f Raox4x3]a—";1+ [Ra,X X, —f Ra1x4x3]a—“’2°, (30)
X X
where
82
X

5.1. Solution to the zeroth-order problem

The stability of the system without modulation is analyzed by presenting the vertical
velocity perturbation y to the lowest mode of convection as:

v, =sin(nz)expli(ix + my)]. (32)
Substituting equation (32) into equation (28) we arrive at the expression for Rayleigh
number as:

6 2
Ra  Re K (1+20k ) (33)
T, a

where

k?=n?+a’ and a® =1°.
5.2. Solution to the first-order problem

Equation (29) for y, now takes the form:
Ly, =[-Ra, +f Ra, Jr;t,k*a?sin(nz). (34)
If the equation (34) has to have a solution, then the right-hand side of the equation (34)

should be orthogonal to the null-space of the operator L, which implies that it should be
orthogonal to sin(nz) . Subsequently, f varies sinusoidally with time, so the only steady term

on the right-hand side of equation (34) is —t;1t,k*a’Ra, sin(nz), and hence Raj =0. This
leads to all the odd coefficients, i.e.,, Ra; =Ragz =......... =0 in equation (27).

To solve equation (34), the right-hand side is expanded using Fourier series expansion,
and we obtain 4 by inverting the operator L term by term as:

y, =Ra,t,1,k"a’ F\’e{ZBn—(k)e_iyt sin (RZ)}, (39)
L(y.n)

where
Bn(2) = A(M)gn1 (A) + A(=M)gn1 (1)

_ —2nn?)? |§7” —e 7 +(-1)" (e—x—iq) - ex—iq))J

(ek —e_k)[kz +(n +1)2n2J [kz +(n —1)2n2J ’

L(y,n)="Y; +iYy,

a’(~Rag +Rg +Rg, Jy* — 1,1,k — 1,1,k C + k¥y?Z,C
k2Y4 ,

Pr

(36)

Yl -
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az[_ Rao(Tl +T2)+ R31(1+T1)+ Rsz(1+72)]

Y, =k? :
2= +k{—y2(%+l+ k2C)+k4(%+(l+ kZC)ZZH
r r

Z=1l+1,+71,,

Z,=7,+7T, +1T,.
The equation fory,, then becomes

Ly, =-1,7,k*a’Ra,y, +f Ray,a’Zyy,, (37)
where

Z, =(— iy+rzk2)(— iy+tlk2).

We haven’t solved the above equation but instead used it to find the expression for Roc.
We have used the solvability condition where the time-independent part of the right-hand side
of equation (37) is taken to be orthogonal to sin(nnz), and this gives the expression for the

correction Rayleigh number as:

2.2 2 2 %
e <8 o 2 B L) iG] )
2 2L, (y,n)
where

Ly(v,n)=Z5L(y,n).

6. Minimum Rayleigh Number for Convection

The value of Rayleigh number Ra attained by the above-mentioned procedure is the
eigenvalue corresponding to the eigenfunction  ; this remains bounded in time even though

it oscillates. Subsequently, Ra is a function of the horizontal wavenumber a and the amplitude
of modulation ¢ and is given by:

Ra(a,e) = Ra,(a) + e?Ra,(a) +............ . (39)

Venezian [18] has presented that the critical value of thermal Rayleigh number by
computing up toO(e?), by evaluating Ra,, and Ra, at a=a,. If it is required to evaluate
Ra,, then a, has be considered where a=a, minimizes Ra,, but since we are only
evaluating the critical value of Ra, (denoted by R,:), we have substituted a=a; in Ra,,
where a, is the value at which Rag attained in equation (33) is minimum.
R ,¢ has been evaluated for three different cases:

(a) Symmetric case (for in-phase, where ¢ =0). Here B, (1) = b, or0, accordingly, as
n is even or odd.

(b) Asymmetric case (for out-of-phase, where ¢=m). HereB,(A)=0orb,,
accordingly, as n is even or odd.

(c) Modulating only the lower boundary case (where ¢ =—iw). Here B, (A) = %” for

integer values of n.
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—4ng®)\?
2 +@+n)27?[2 + 1-n)?n?]

The variable A defined in equation (15), in terms of the dimensionless frequency,
1

2
’

where b, =

reducesto A =(1- i)(%)

and thus
2 16nmty?
RS L S
Hence from equation (38) and using the above expression of B, (L), we obtain the

b

following expression for R, in the form:
Raga” o o 1Zal ool [Latrn) + Liyin)
2 2|L1(\(,n)2

In equation (40), the summation extends over even values of n for case (a), odd values
of n for case (b), and all values of n for case (c).

R 2c — (40)

7. Results and Discussions

In this paper, the effect of time-periodic heating in Boussinesq-Stokes suspension with
three diffusing components heated from below and salted from below is made. The behavior
of various parameters like couple stress parameter, solute Rayleigh numberl, solute Rayleigh
number2, the ratio of diffusivity of solutel, the ratio of diffusivity of solute2, and frequency of
modulation on the onset of convection are analyzed analytically. The expression for the

correction Rayleigh number R ,¢ is computed as a function of the frequency of the modulation

Y. R, has been evaluated for three different cases: (a): Symmetric case (for in-phase, where
¢=0), (b): Asymmetric case (for out-of-phase, where ¢ =m), and (c): Modulating only the
lower boundary case (where ¢ =—ico) and the results of these cases are represented in graphs.

The graphs represented in this paper are plotted by taking moderate values of frequency of
modulation, for the reason that if the frequency of modulation is taken very small, then the
modulation becomes very large, and if the frequency of modulation is taken very large, then
the modulation vanishes.

The results obtained have been presented in Figures 2-19. Figures 2-7 are the plots for
in-phase modulation, Figures 8-13 for out-of-phase modulation and Figures 14-19 are only
lower wall modulation respectively for different values of couple stress parameter C, solute

Rayleigh numberl R, solute Rayleigh number2 Rg,, the ratio of diffusivity of solutel and

heat diffusivity t,, the ratio of diffusivity of solute2 and heat diffusivity t, and Prandtl number
Pr.
Figure 2 is the plot of correction Rayleigh number R,versus frequency of the

modulation y for different values of couple stress parameter C, with regard to in-phase
modulation. From the figure, we observe that for all values of C and y, R ,¢ it remains positive

and C stabilizes or destabilizes the system depending on the values of y. When vy is less than a
certain value of modulation frequency, say, yc the increase in C decreases the values, which
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makes the system unstable. When y > vy¢ the increase in C increases the values of R, which

makes the system stable, the presence of suspended particles increases the fluid's viscosity and
hence makes the system stable even in the presence of modulation, for large values of vy, the
effect of modulation vanishes.

Figures 3 and 4 are the plot of R, versus v for different values of solute Rayleigh
numberl Rg and solute Rayleigh number2 Rg,, respectively, with regard to in-phase
modulation. It is seen that the increase in the values of Rg andRg,, increases the values of
R,c, which indicates that the effect of Ry and Rg,, is to stabilize the system. Since the
heating and adding solutes are from below, we have considered the positive values of R¢; and
R, hence we have got the values of R, to be positive. Also, the solutes at the bottom layer
settle without disturbing the system leading to a delay in the onset of convection.

Figures 5 and 6 are the plot of R,-versus y for different values of the ratio of
diffusivity of solutel and heat diffusivity t, and the ratio of diffusivity of solute2 and heat
diffusivity t,, respectively, with regard to in-phase modulation. From the figures, it is seen
that increasing the values of t, and t,, decreases the values of R,., indicating that t, and
T, destabilizes the system. The reason is that the diffusivity of heat is more than that of the
diffusivity of solutes, and as a result, the solute gradient augments the onset of convection.

Figure 7 is the plot of R,. versus y for different values of Prandtl number Pr with
regard to in-phase modulation. It is seen that as the values of Pr increase, the values of R,

decrease for small values of y and increase for moderate values of y. We can note that the
increase in the concentration of the suspended particle is to stabilize the system for moderate
values of y. This means that the fluids with suspended particles are more susceptible to
stabilization by modulation than clean fluids. It is also appropriate to note that Pr does not

affect the Ra,— part of Ra, it affects onlyR .
The above results on the effect of various parameters on R, out-of-phase modulation

and only lower wall modulation do not qualitatively change compared to in-phase modulation.
This is illustrated in Figures 8-19.

1000 T T T T T T T

900 In-Phase modulation
R51:25, T, = 0.1, R32: 50, T, = 0.1,Pr=5

80

Figure 2. The plot of correction Rayleigh number R, versus frequency of modulation y for different values
of couple stress parameter C.
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450 T T T T T T

In-Phase modulation

1,=0.1,R,=50,7,=0.1,C=01,Pr=5 |

400 |

350 - -

Figure 3. The plot of R, versus v for different values of solute Rayleigh numberl R .

0 30 60 90 120 150 180 210 240 270

700 T T T T T T T T
In-Phase modulation
600 - - - - -
T, = 0.1, R51— 25, T, = 0.1,C=0.1,Pr=5
500 H i
400 g
300 i
R..=
200 sz %0 i
Rsf 75
100 | - ep = i
Rg,= 100
0 1 ; !
R

Figure 4. The plot of R, versus y for different values of solute Rayleigh number2 R g, .

1000 T T T T T T T

900 In-Phase modulation i
Rg;=25,R;,=50,1,=0.1,C=01,Pr=5 ]

800

80

Figure 5. The plot of R, versus y for different values of the ratio of diffusivity of solutel and heat

diffusivity 11
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1000 r . . : : : ,
900 In-Phase modulation _
800 | t,=0.1, R,=50,Ry,=50,C=0.1,Pr=5

80

Figure 6. The plot of R ,¢ versus y for different values of the ratio of diffusivity of solute2 and heat

diffusivity To .
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200 In-Phase modulation i
600 | Rg=25,7, = 0.1, R,=50,7,=0.1,C=01 ]
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1000 T T T T T T T T T

900 Out of Phase modulation

w00 Rg;=25,7,= 0.1, Ry= 50,7, = 0.1, Pr=5 |
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! 500
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0 10 20 30 40 50 60 70 80 90 100
RZC

Figure 8. The plot of R ,¢ versus v for different values of C.
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Figure 9. The plot of R »¢
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versus Y for different values of R;.

Out of Phase modulation
Rs,=25,1,=01,1,=01,C=01,Pr=5

75 150

225

1 I
300 375 450 525 600
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Figure 10. The plot of R ¢ versus y for different values of R, .
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Out of Phase modulation
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Figure 11. The plot of R, versus y for different values of Tq.
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900 Out of Phase modulation -
800 7, =0.1,R;;=50,R;,=50,C=0.1,Pr=5 1
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Figure 12. The plot of R, versus vy for different values of T, .

800 T T T T T T T T T
Out of Phase modulation

700 [ .
Rg=25,1,= 0.1, Rg;= 50,7, =01, C = 0.1

0 10 20 30 40 50 60 70 80 90 100

Figure 13. The plot of R, versus y for different values of Pr.
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900 Lower boundary modulation i
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Figure 14. The plot of R, versus y for different values of C.
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Figure 15. The plot of R, versus y for different values of Rg;.
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Figure 16. The plot of R, versus y for different values of R, .
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Figure 17. The plot of R, versus y for different values of Tq.
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8. Conclusions

Following conclusions are drawn from the present study: The couple stress parameter,
both solute Rayleigh numbers and Prandtl number, stabilizes or destabilizes the system
depending on the value of the frequency of modulation; System is stable for small values and
unstable for moderate values of frequency of modulation; The effect of thermal modulation
disappears for large frequency of modulation; Both the solute diffusivity ratios destabilize the
system; Out-of-phase and only lower wall modulation are more stable than in-phase
modulation.
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