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Abstract: An exact solution to the problem of effects of generation or absorption and natural convective 

magnetic nanofluid flow past an upright plate, in a case where the magnetic lines are aligned to the plate 

or the fluid magnetic lines are being associated with liquid (i.e., K=0) and these magnetic force of flux 

being associate with the plate (i.e., K=1) are investigated. Three types of water-heat transfer-based 

nanofluids containing copper, aluminum oxide, and titanium dioxide are taken. The dimensionless 

governing equations involved in the present analysis are tackled with the help of integral transforms. 

For plotting figures and tables, numerical values are computed for Nanofluid velocity, temperature, 

heat, and mass flow rates near the adjacent plate boundary.  
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1. Introduction 

The study of heat transfer has attracted many researchers and Gained remarkable 

attention in the modern era—several engineering processes like transmission of energy in 

coolant desert towers in water body’s surface evaporations. Few applications can be found in 

manufacturing industries, such as in the electric and power generation industries. One 

application can be used to generate electricity by extracting power from the motion of the 

conductive liquid. In moving liquids, the study involves heat generation or absorption, which 

is most significant in dissociated chemically reacting fluids. The impact of the heat source may 

change the energy distribution so that further it leads to nuclear reactor particle decomposition, 

computer chips, and in preparation of semiconductor materials, viz., silicon crystalline used in 

engineering fabrication of IC circuits, liquid type solar cells, and conventional photo-voltaic. 

Since few liquids and gases in nature tend to absorb and emit radiation, the fluid temperature 

distribution and heat flow rate is essential in the presence of a magnetic field because the heat 

transmission by linear radiation attains a greater impact in concern of some space engineering 

and higher order temperature applications.  

 Hence, heat transfer by thermal radiation is becoming of greater importance when we 

are concerned with space applications and higher operating temperatures. Nanofluids are 
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nanotechnology-based heat transfer fluids that are derived by stably suspending nanometer-

sized particles in conventional heat transfer fluids. Choi [1] first introduced the phrase of 

nanofluid prepared by solid-type nanoparticles immersed in a liquid. Common fluids say 

ethylene glycol, water, engine oils, etc., configure significantly low thermal conductivity. The 

works done experimentally by Eastman et al. [2] examined that a Nanofluid prepared with 

copper metal nanoparticles suspended in a liquid shown that about 60 percent growth in thermal 

conductivity. Besides that, it is reported that there is high thermal conductivity if it is the 

Nanofluid with similar nanoparticles with the replacement of base fluid, either pure ethylene 

glycol or ethylene glycol. There is a 40 percent improvement in thermal conductivity in a 

Nanofluid prepared by ethylene glycol around 0.003 volume fraction and copper nanoparticles 

with a radius of five centimeters as determined by Eastman et al. [3] and Choi et al. [4]. 

Previous theoretical studies by Das et al. [5] indicated that particle shape significantly affects 

effective nanofluid thermal conductivity, but particle size and thermal conductivity had little 

effect. Keblinski et al. [6] investigated how nanoparticle suspensions' dispersion patterns 

affected heat transfer. Buongiorno [7] studied energy transmission and flow pattern 

implications of a nanoliquid along a stretchable exponential sheet. Nanoliquid heat 

transmission rate is supervised through their review articles by Das and Choi [8]. The 

thermophoresis nanoliquid properties such as density, heat capacity, and viscosity vary with 

base fluids, which significantly improves heat flow rate through excess heat conductivity, as 

reported by Kakac and Pramuanjaroenkij [9]. Heat transmission rate and thermal 

conduciveness can be improved significantly with the suspension of nanoparticles such as 

fluids in engine oil, seawater, and a mixer of ethylene glycol. The topic of heat transfer in 

nanofluids has been surveyed in review articles by Wang and Mazumdar [10], Sheikholeslami 

et al. [11], Sheikholeslami [12], and Kandelousi [13]. 

  The study of Magneto hydrodynamics with heat transfer in the presence of radiation 

and diffusion has attracted the attention of many researchers due to its diverse applications. In 

astrophysics and geophysics, it is applied to study stellar and solar structures, radio propagation 

by the ionosphere, etc. It is concerned with the interaction of electrically conducting fluids and 

electromagnetic fields. When a conducting fluid moves through a magnetic field, an electric 

field and, consequently, a current may be induced, and in turn, the current interacts with the 

magnetic field to produce a body force on the fluid. Such interactions occur both in nature and 

in new artificial devices. In the laboratory, many new devices have been made that utilize the 

MHD interaction directly, such as propulsion units and power generators, or involve fluid 

electromagnetic field interactions, such as electron beam dynamics, traveling wave tubes, 

electrical discharges, MHD pumps, MHD bearing, etc. Kuznetsov and Nield [14] The 

Nanofluid flow through natural convection along a boundary of an upright plate. Hamad and 

Pop [15] Examined hydro magnetic Nanofluid unsteady flow along a porous flat plate under 

uniform heat generation in a revolving frame reference. Hamad et al. [16] Hamed et al. [16] 

scrutinized the impact of uniform strength magnetic field over a Nanofluid by a natural 

convection process along a boundary of a semi-infinite upright plate of a conductive Nanofluid 

boundary layer flow consisting of a pure liquid with nanosized particles along a porous upright 

plate under the influence of magnetic induction with heat sources and injecting effects. By 

incorporating the impact of Brownian motion with thermophoresis, a model developed on 

Nanofluid has been studied by Chamkha and Aly [17]. Turkyilmazoglu and Pop [18] Heat mass 

flow rates over a conductive radiated Nanofluid are considered along an upright plate. 

Turkyilmazoglu [19] has obtained a Heat mass flow of Magnetic Nanofluid slip flow In the 
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presence of a fixed magnetic field with respect to the fluid or the plate, Rushi Kumar et al. [20] 

studied the effects of thermal diffusion and radiation on unsteady free convection flow. 

Sheikholeslami et al. [21] investigated the impact of linear radiation and thermal diffusion on 

a magnetic Nanofluid flow and the heat transmission rate by means of a two-phase model. 

Sheikholeslami et al. [22 The analytical solutions using the Lattice-Boltzmann method over a 

conductive magnetic Nanofluid flow presented by Sheikholeslami et al. [23]. Sheikholeslami 

and Ganji [24] scrutinized the impact of magnetic effect and energy transmission over an 

unsteady flow of Nanofluid. Das and Jana [25] have analyzed Nanoliquid magnetic flow and 

heat transmission by linear radiation over the edge of an upright plate with the popular integral 

transforms technique. Loganathan et al. [26] analyzed conductive nanofluid flow over the 

boundary of an upright plate influenced by energy generation. Ajay Kumar Sing [27] studied 

the effects of heat source/sink and radiative heat transfer on hydromagnetic natural convection 

flow through a vertical channel. Some studies involving MHD with nanofluid are cited in the 

references [28-50]. 

However, in the literature, we found less attention was paid to studying Convective 

Nanofluid flow along the edge of an upright plate influenced by the magnetic force field by 

considering the field of force aligned either with fluid or to the plate. Three varieties of liquid-

based nanofluids prepared by nanoparticles of Titanium dioxide, Aluminium trioxide, and 

copper metal are taken. They obtained an exact solution with the help of the transforms method, 

and the numerical results were computed with the approximated error functions that appeared 

in the solution.  

2. Mathematical Analysis 

Conductive Nanofluid unsteady flow and energy transmission bounded by impulsively 

rolling plate with fixed temperature influenced by the magnetic field when the force field is 

oriented with the fluid or to the plate as a dual case (1) when the force field is oriented towards 

the fluid, i.e. (K=0) and when force field is oriented towards to the plate, i.e. (K=1) have been 

considered. Through the plate in the perpendicular positive x-direction, and y -axis is taken 

normal to it in the direction of the applied transverse magnetic field. At the initial time, the 

plate and surrounding fluid in the plane have equal temperatures in a stationary condition for 

all the points in the entire flow region 0y  . At the time 0t  , In its preserve plane, the plate 

motion is 0u u=   in the upward direction. At the same time, the edge temperature is elevated 

wT . A transverse magnetic field of uniform strength 0B is assumed to be applied normally to 

the plate. The gradient of pressure is ignored in the momentum equation, and applied a linear 

radiative heat flux across the flow direction. This study considered distinct nanofluids, namely 

metals copper, Aluminium trioxide, and Titanium oxide. And further, it is considered base 

liquid water and nanoparticles maintained equilibrium. The thermal physical properties of the 

nanofluids are given in Table 1. For free convection flow, it is also assumed that 1) The induced 

magnetic field is assumed to be negligible as the magnetic Re of the flow is taken to be very 

small. 2) The viscous dissipation is neglected in the energy equation. 3) The effects of variation 

in density (  ) with temperature considered only on the body force term, in accordance with 

the usual Boussinesq approximation. 4) The fluid considered here is gray, absorbing/emitting 

radiation but a non-scattered medium. 5) Since the flow of the fluid is assumed to be in the 
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direction of x − axis, so the physical quantities are functions of the space co-ordinate y  and t  

only. 

 
Figure 1. Physical coordinate system. 

The flow is governed by the following equations: 
2
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u u
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t y


 
= + − −

 
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(2.2) 

If the magnetic field is fixed relative to the plate, the momentum equation (1) is replaced 

by (see Cramer [51], Raptis [52], and Tokis [53]): 

( )
2

2

0 02
( ) ( )nf nf nf nf
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g T T B u u f t

t y


 
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Combining (2.1) and (2.3): 

( )
2

2

0 02
( ) ( )nf nf nf nf

u u
g T T B u K u f t

t y


 
= + − − −   
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(2.4) 

where 

0

0

0 if B is fixed relative to the fluid

1 if B is fixed relative to the plate


= 


K

 

for an exponentially accelerated plate, ( ) ( )0expf t a t  = , where 0a is the dimensional 

acceleration; where u is the velocity components along the x -direction, Q0 heat generation 

constant, T -nanofluid temperature, 
nf  nanofluid viscocity,

nf nanofluid thermal coefficnet, 

nf  nanofluid mass desnsity, 
nf nanofluid electgricity, 

nfk  nanofluid heat conductivity, g is 

the gravity, rq linear radiative heat flux and ( )p nfc  nanofluid thermal capacitance which are 

given by: 

2.5
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
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nf f

 −
= + 

+ − − 

 
 

  
    (2.5) 

where  , f , s , f
, s , f , 

( )p fc
 

( )p sc
 are respectively the volume ratio, 

density, electrical conductivity, viscocity ofthe heat capacitance of the nanoparticle and base 
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fluid. The effective thermal conductivity of the nanofluid for spherical nanoparticles is given 

by Hamilton and Crosser's model, followed by Kakac and Pramuanjaroenkij [9], and Oztop 

and Abu-Nada [54] is given by: 

 

2 2 ( )

2 ( )

s f f s

nf f

s f f s

k k k k
k k

k k k k

 + − −
=  

+ + −  




   (2.6) 

 

where 
fk  and sk the thermal conductivity of the fluid and nanoparticles. In Eqs. (2.1) to 

(2.6), the subscripts nf , f and s  respectively Nanofluid thermophoresis properties of 

nanofluid, base liquid, and nanometer particles with associated initial and conditions defined 

at boundaries are 

0: 0,t u =         ,T T=          for all   0y   

00 : ,t u u =      wT T=           at     0y =  

0, ,u T T as y→ → →  

where  denotes the direction of motion of the plate with  =0 for the stationary plate, 

while =  1 for the fourth and back motion of the plate. Plate momentum. Since the liquid is 

thick optically (free path least mean of the photon)  gray gas ( which have the nature of 

receiving and omitting radiation) for such medium, the characteristic length is very less in 

comparison with the penetration distance of linear radiation. For an optically thick fluid, we 

can adopt Rosseland [27] approximation applies to optically thick media and gives the net 

radiation heat flux rq by the expression: 

* 4

*

4

3
r

T
q

k y


= −




     (2.7) 

where 
* 8 2 4( 5.67 10 / )W m K−=   Stefan-Boltzmann coefficient while km-1 is the mean 

value of absorbing coefficient in Rossonold approximation. Since natural convection gives 

very low variations in temperature inside the flow regime, hence it is to be considered only the 

first term in Taylor’s series as a linear function in temperature. The detailed procedure is given 

here:  
4 4 3 2 24 ( ) 6 ( )T T T T T T T T    = + − + − +−−−    (2.8) 

4 4 34 ( )T T T T T   + −  

4 4 3 44 4T T TT T   + −  

4 3 44 3T TT T  −     (2.9) 

On the use of Eqs. (2.7) and (2.9), Eq. (2.5) becomes: 
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Introducing non-dimensional variables: 
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0

2
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Q
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
(2.11)                     

We get the following governing equations which are dimensionless: 

0

2
2

1 2 3 02
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a tU U
a Gra M a u Ke

 
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 

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(2.12)   
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and 
2 2 2

0 0 ,f f fM B v u = is the magnetic parameter, * 3 *16 3 fNr T k k = the radiation 

parameter, Pr f p fc k=  is Prandtl number, and 
3

0( )f f wGr g v T T u = −  the Grashof 

number. The magnetic parameter 2( )M  is the ratio of electromagnetic force to viscous force. 

Grashof number (Gr) that approximates the ratio of the buoyant force to the viscous force 

acting. Prandtl number (Pr) is defined as the quotient of the momentum diffusivity to thermal 

diffusivity. Large Nr signifies a large radiation effect while 0Nr →  corresponding to a zero 

radiation effect.  

The initial and boundary conditions in the dimensionless form are as follows: 

0: 0,t U =       0, =          for all   0     

0: ,t U =      1,=           at     0=     

0, 0,U as→ → →     (2.15)                                                        
The appeared physical parameters are defined in the nomenclature. The dimensionless 

governing equations form (2.12) and (2.13), subject to the boundary conditions (2.15), are 

solved by the usual Laplace transform technique, and the solutions are expressed in terms of 

exponential and complementary error functions: 
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2.1. Skin-friction. 

From the velocity field, we study the skin friction (rate of change of velocity at the 

plate), which is given in non-dimensional form as follows: 
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 
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From Eqs. (2.17) and (2.18), we get skin friction as follows: 
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                (2.19) 

2.2. Nusselt Number. 

From the temperature field, we study the Nusselt number (rate of change of velocity at 

the plate), which is given in non-dimensional form as follows: 

0

d
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d
=

 
= −  

 




    (2.20) 

 

From Eqs. (2.16) and (2.20), we get the Nusselt number as follows: 
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  (2.21) 

3. Results and discussion 
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In order to get a clear insight into the physical problem, fluid momentum, fluid 

temperature, rate of energy flow, and the friction drag very closer to the plate have been 

discussed by the numerical values for the parameters like a magnetic parameter
2M , radiation 

parameter Nr, volume fraction parameter , time , heat source parameter Q and thermal 

Grashof number Gr in Figures 2-25. The values of the volume fraction of nanoparticles are 

taken in the range of 0 0.2  . The case
2M =0 corresponds to the absence of a magnetic field 

and 0= for regular fluid. The velocity profiles are presented in Figures 2 to 13 when the 

magnetic field associated with the fluid (K=0) is deliberated in case (i) and the magnetic field 

is aligned through the plate (K=1) revealed in case (ii).  

The effects of nanoparticles,
2M , , Nr,  and Gr on the velocity field is illustrated in 

Figure 2 to13 in the presence of radiation parameter when other parameters are fixed. Figure 2 

it is we observe that the velocity distribution for Al2O3 –water and TiO2- water are the same as 

their densities, but due to the high density of Cu, Cu- water, the dynamic viscosity increases 

more, leading to a thinner boundary layer than other particles in the case of the fixed plate (

0= ) and as well as a moving plate ( 1=  ). Figure 3 reveals that the velocity of 

nanoparticles at the plate decreases due to the reduction of momentum of the boundary layer 

of nanoparticles. Due to the heat transfer, a number of charges are generated within the copper 

than the rest of the particles. We found that the velocity of Cu nanoparticles increases while its 

viscosity decreases than other particles in the case of the fixed plate ( 0= ) and as well as a 

moving plate ( 1=  ). Figure 4 depicts that with increasing magnetic parameters, the 

momentum of boundary layer thickness decreases, and consequently, it accelerates the 

viscosity of the fluid. Therefore, it decreases the velocity of the fluid. Figure 5 noticed that the 

fluid velocity accelerates increasing values of
2M . The momentum boundary layer thickness 

increases for increasing values of 
2M  for the case of the fixed plate ( 0= ) and as well as a 

moving plate ( 1=  ). Figure 6 reveals the effect of the solid volume fraction of nanoparticles 

on the fluid velocity. The fluid velocity increases for the increasing values of volume fraction 

for the case of the fixed plate ( 0= ) and as well as a moving plate ( 1=  ). Figure 7 displays 

the effect of the volume fraction of nanoparticles on the fluid velocity increases due to the 

absence of surface tension forces and viscosity for the case of the fixed plate ( 0= ) and as 

well as a moving plate ( 1=  ). In Figure 8 and Figure 9, the fluid velocity decreases with the 

value of radiation parameter Nr increases for both cases of the fixed plate ( 0= ) and as well 

as a moving plate ( 1=  ). Also, it noted that the momentum of boundary layer thickness 

decreases when Nr tends to increase inside a boundary layer region, and consequently, it 

accelerates the viscosity of the fluid. Figure 10 shows that the velocity decreases with the 

increase of time owing to the decrease of energy in the displacement of fluid for the case of the 

fixed plate ( 0= ) and as well as a moving plate ( 1=  ).  

Figure 11 depicts that velocity rises over time in the presence of a heat source due to 

the fact that in both the situation of a stationary plate  ( 0= )  and a moving plate ( 1=  ), 

the nanoparticles in the plate. Figure 12 and Figure 13 The heat source parameter increases, 

and more heat is produced due to the fact that nanofluid velocity increases for the case of the 

fixed plate ( 0= ) and as well as a moving plate ( 1=  ).  

The behavior of fluid temperature by the influence of radiation parameter, Prandtl 

number heat sour/sink parameter, time, and volume fraction are illustrated in Figures 14-19. 

Figure 14 shows the variations for the three types of water-based nanofluids Cu-water, Al2O3-
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water, and TiO2 – water. However, due to higher thermal conductivity than Al2O3-water and 

TiO2 – water nanofluids. It is also observed that the thermal boundary layer thickness is more 

for Cu- water than Al2O3-water and TiO2 – water. Figure 15 and Figure 16 it is observed that 

the effect of the volume fraction of nanoparticles and the radiation parameter of the temperature 

distribution. Metallic nanoparticles have much higher heat conductivity than common liquids. 

It also observed that the thermal boundary layer increased with nanoparticle volume fraction. 

It is observed that the fluid temperature increases as Nr increments due to the fact the 

conduction effect of the nanofluid increases in the presence of thermal radiation. Therefore, 

higher values of radiation parameters incriminate higher surface heat flux and increase the 

temperature within the boundary layer region. It also observed that thermal boundary layer 

thickness increases with Nr increasing values. Figure 17 reveals that the temperature of the 

flow field decreases in magnitude as Pr increases. This is due to the fact that a higher Prandtl 

number fluid has a relatively low thermal conductivity, which reduces conduction and the 

thermal boundary layer thickness, and as a result, temperature decreases. Figure 18 depicts the 

temperature increases with increasing time. In figure 19 increasing the value of the heat 

source/sink tends to decrease the fluid's thermal state. In turn, a decrease in the fluid 

temperature induces a flow toward the plate through the thermal buoyancy effect. It is seen that 

from Figure 20 Nusselt number increases with increasing radiation parameter Nr. Figure 21 

reveals that the Nusselt number increase with decreasing the Prandtl number. The reason is that 

small Pr values are equivalent to increasing the thermal conductivity, and therefore heat can 

diffuse away from the plate more rapidly than higher Pr values. Hence the rate of heat transfer 

is reduced. In general Prandtl number for water is higher than for air. Figure 22 and Figure 23 

illustrate that the rate of change of velocity of nanoparticles at the plate decreases due to the 

reduction of momentum of the boundary layer of nanoparticles.  

 

 
Figure 2. Velocity profile for different nanofluids 

when K=0. 

Figure 3. Temperature profiles for various values of 

Pr. 
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Figure 4. Velocity profile for different nanofluids 

when K=1. 
Figure 5. Velocity profile for different 

2M when  

K=1. 

 

 

Figure 6. Velocity profile for different   when K=0. Figure 7. Velocity profile for different when K=1. 

 
 

Figure 8. Velocity profile for different Nr when K=0. Figure  9. Velocity profile for different Nr when 

K=1. 
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Figure 10. Velocity profile for different  when K=0. Figure 11. Velocity profile for different  when 

K=1. 

 

 

Figure 12. Velocity profile for different Q when 

K=0. 

Figure 13. Velocity profile for different Q when 

K=1. 

 

 
Figure 14. Temperature profile for different 

nanofluids when Nr =0.5, =0.1, and Pr =6.2. 

Figure 15. Temperature profile for different Nr 

when  =0.1, Pr=6.2, Q=0.2 and  =0.5. 
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Figure 16. Temperature profile for different when  

Nr =0.5, Pr =6.2 Q=0.2 and   =0.5. 

Figure 17. Temperature profile for different Pr 

when  Nr =0.5, =0.1,Q =0.2 and   =0.5. 

 

 

Figure 18. Temperature profile for different  when Nr 

=0.5, =0.1, Q=0.2  and Pr =6.2. 

Figure 19. Temperature profile for different Q when Nr 

=0.5, Pr=6.2 and  =0.5. 
 

 

 
Figure 20. Nuselt number for different Nr. Figure 21. Nuselt number for different Pr. 
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Figure 22. Skin friction for different nanoparticles 

when  K=0. 

Figure 23. Skin friction for different nanoparticles 

when  K=1. 

  

Figure  24. Skin friction for different 
2M , when 

K=0. 
Figure 25. Skin friction for different 

2M , when 

K=1. 

 

 

Figure 26. Nusselt number variation for different Q.  
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Table 1. Thermophysical properties of water and nanoparticles Oztop and Abu-Nada [54]. 

Physical properties Water/ base fluid Cu (copper) Al2O3 (alumina) TiO2 (titanium Oxide) 

 (kg/m3) 997.1 8933 3970 4250 

pc (J/kg. K) 4179 385 765 686.2 

k (W/m. K) 0.613 401 40 8.9538 

 105(K-1) 21 1.67 0.85 0.90 

  0.0 0.05 0.15 0.2 

 (S/m) 5.5 10-6 59.6 106 35  106 2.6  106 

4. Conclusions 

Natural conductive nanofluid flow past a rolling upright plate influenced by magnetic 

lines of force field when the magnetic intensity associated with the fluid or to the moving plate 

studied in duel case (i) when magnetic induction associated with the fluid (K=0) (ii) and the 

magnetic lines are being associated with moving upright plate (K=1). The dimensionless 

governing model involved in this study is tackled with the help of the method of integral 

transforms without any restriction. The numerical computations performed for plottings of 

fluid momentum, fluid temperature, heat flow rate, and friction drag closer to the plate are 

discussed:   The velocity of the nanofluid decreases with increasing the magnetic parameter; 

An increased radiation parameter leads to fluid velocity in the boundary layer region; The 

velocity of the nanofluid increases with increasing heat source/sink; The temperature of the 

nanofluid increases with increasing radiation parameters; The temperature of the nanofluid 

decreases with increasing Prandtl number; The Nuselt number at the plate for Cu- water 

nanofluid increases with increasing radiation parameters; The Nuselt number at the plate for 

Cu- water nanofluid decreases with increasing radiation parameters; Skin friction at the plate 

for Cu- water nanofluid decreases with increasing magnetic parameters. 
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