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Abstract: The current investigation considers the unsteady two-dimensional MHD flow along with 

heat and mass transfer of Williamson nanofluid over a moving cylinder of a porous medium. The 

influence of chemical reactions, thermal radiation, and Joule heating are also considered. This article 

will use the Buongiorno model to explore the Brownian motion heat transfer process and 

thermophoresis. The boundary layer governing equations is made non-dimensional by employing the 

usual transformation. To solve the non-linear dimensionless governing equations, a technique known 

as the explicit finite difference method (EFDM) is used. A stability analysis was carried out to make 

the approach more convergent, and an efficient criterion (𝐿𝑒 ≥ 0.018 and 𝑃𝑟 ≥ 0.03) was obtained. 

The influence of different parameters on the velocity, temperature, and concentration profile are 

illustrated graphically. From this study, we have achieved that the increase in radiation raises the 

temperature of the boundary layer region. Also, it was found that the speed of the hybrid nanofluid can 

be controlled by applying a magnetic field and porous media and enhancing Williamson parameters. 

To validate the accuracy of the numerical scheme, a qualitative comparison of the results obtained is 

made with that of the previously published works. 

Keywords: Williamson nanofluid; moving cylinder; explicit finite difference method; thermal 

radiation; chemical reaction; porous medium.   
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1. Introduction 

The remarkable heat transfer characteristics of nanofluid without any pressure drop 

have attracted a lot of attention from researchers over the past few decades. Conventional fluids 

have very low thermal conductivity; as a result, they cannot be used for ultra-high cooling 

processes. Nowadays, nanofluid is used as a base fluid instead of ordinary fluid because of its 

enhanced thermal properties as compared to ordinary fluid. Nanofluids are made by adding 

nanoparticles like 𝐴𝑔, 𝐶𝑢, 𝐴𝑙2𝑂3, etc., into the base fluid like water, ethylene glycol, etc. The 

idea that dispersing nanoparticles in the base fluid may improve thermal conductivity was first 

introduced by Choi [1]. After evaluating the thermal conductivity of various metal oxides, Lee 

et al. [2] found that both shape and size contributed significantly to the improved thermal 

conductivity of the nanofluid. According to the research conducted by Eastman et al. [3], the 

thermal conductivity of ethylene glycol could be increased by as much as 40% if copper 

nanoparticles (with a volume fraction of less than 1 percent) were added. To explain the 

enhancement in nanofluid's thermal conductivity, Buongiorno [4] identified Brownian motion 
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and thermophoresis as two major processes for efficiently increasing the base fluid’s thermal 

conductivity. Nield and Kuznetsov [5] looked into Buongiorno's model to study an 

incompressible nanofluid flow over a vertical plate. Khan and Pop [6] investigate how the heat 

transmission and nanoparticle volume fraction change in a nanofluid as it moves down a 

stretching sheet. The heat transfer characteristics of a nanofluid were studied by Makinde and 

Aziz [7] across a non-linearly stretching sheet flow subjected to convective boundary 

conditions. To find a solution to Khan and Pop's problem with the non-linearly stretched sheet, 

Rana and Bhargava [8] used the FEM method approach.  

Due to the wide range of applications, researchers in the area of hydrodynamics have 

been dedicating their time to studying the issue related to the flow of non-Newtonian fluid over 

a cylinder for the last few decades. The extrusion process, metal extraction, annealing, thinning 

of copper wire, and pipe industry are examples of their applications. When it comes to non-

Newtonian fluids, the Williamson fluid is among the most important due to its low viscosity at 

high shear rates. Specifically, the Williamson fluid model predicts that the effective viscosity 

will fall monotonically with the increase in shear rate and vice versa. This model was first 

introduced by Williamson [9] in 1929. This pseudoplastic fluid behavior is one example of the 

many ways in which this non-Newtonian fluid might be put to use in modern industry. For 

instance, monitoring mass and heat movement between arteries in blood during hemodialysis 

is important in biological engineering. Unsteady Radiative blood flow of Williamson fluid 

against a wedge was investigated by Subbarayudu et al. [10]. In Zero gravity conditions, 

Lyubimova et al. [11] investigated some important factors on Williamson fluid between two 

parallel plates. Hashim et al. [12] studied the phenomenon of heat transfer of the Williamson 

nanofluid flow caused by the stretching/shrinking cylinder under a non-uniform magnetic field. 

Hamid et al. [13] later extended the work of Hashim et al. by considering the flow caused by 

an inclined expanding/contracting cylinder and investigating the effect of thermal radiation. 

Some more detailed work on the Williamson model was discussed in refs. [14-20]. 

The influence of thermal radiation on free convection has risen in prominence due to 

its many practical applications in engineering and physics, especially in developing tools and 

machinery, aerospace engineering, and gas turbines. Regarding heat transfer, thermal radiation 

is preferable to conduction and convection since it does not need a medium. Because of these 

characteristics, thermal radiation plays a crucial role in the heat transmission of MHD 

nanofluids, minimizing heat loss. England and Emery [21] investigated the effect of thermal 

radiation on Air and 𝐶𝑂2 of laminar flow through the vertical plate. The effect of thermal 

radiation on unsteady MHD nanofluid flow caused due to a stretching sheet was discussed by 

Shakhaoath et al. [22]. Kumar et al. [23] proposed a nanofluid model for flow and heat 

transmission over an infinite vertical plate with a magnetic field and viscous dissipation. Ali et 

al. [24] studied the impact of thermal radiation and non-uniform heat flux on the MHD hybrid 

nanofluid flow over the stretching cylinder. In a situation where the bottom plate was 

permeable and stretchy, Lv et al. [25] investigated the impact of thermal radiation, hall current, 

and uneven heat source/sink on the nanofluid flow between two horizontal flat plates. Recently, 

Rao and Deka [26] investigated the influence of thermal radiation and chemical reaction on 

MHD Casson nanofluid flow caused due to a stretching sheet. 

The process by which the energy of an electric current is turned into heat when it goes 

through resistance is referred to as Joule heating (also known as resistive or Ohmic heating). 

This is because when an electrical current travels through solid or liquid materials that carry 

current, the electrical energy is transformed into heat energy due to resistances inside the 
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conductor. Collisions between free electrons transmit energy in this scenario. Ramzan et al. 

[27] investigated the effect of thermal radiation and Joule heating in the MHD micropolar fluid 

flow, considering the slip condition. Unsteady MHD Jeffery nanofluid flow caused by a 

vertically stretchable cylinder was studied by Rasheed et al. [28], who examined the impact of 

Joule heating with thermal radiation. The effect of Joule heating with chemical reaction, 

thermal radiation, and heat generation on three-dimensional Maxwell nanofluid flow was 

discussed by Ahmad et al. [29]. Some recent work on the effect of Joule heating is discussed 

in refs. [27-35]. 

To the best of our knowledge, there hasn't been much exploration of the flow and energy 

transport phenomena of Williamson nanofluid over a vertically permeable moving cylinder. In 

light of the investigation mentioned above, our present study focuses on the unsteady MHD 

Williamson nanofluid flow under the presence of thermal radiation, chemical reaction, and 

Joule heating over a vertical permeable moving cylinder. The governing equations are made 

dimensionless using the usual transformation, which depends on the magnetic parameter (𝑀), 

radiation parameter (𝑅𝑑), Reactive parameter (𝛾), Prandtl number (𝑃𝑟), Eckert number (𝐸𝑐), 

Grashof number (𝐺𝑟), modified Grashof number (𝐺𝑚), Lewis number (𝐿𝑒), Permeability 

parameter (𝐾𝑝), Williamson parameter (𝜆), Brownian motion parameter (𝑁𝑏), and 

thermophoresis parameter (𝑁𝑏). The obtained dimensionless non-linear equations have been 

solved numerically using an explicit finite difference scheme. The efficiency of the finite 

difference scheme and the stability analysis of the scheme have been analyzed. 

2. Mathematical Model of the Flow 

In this study, a two-dimensional unsteady Williamson nanofluid flow past a permeable 

vertical moving cylinder has been considered under the influence of the magnetic field, thermal 

radiation, and chemical reaction. Let 𝑟𝑜 be the radius of the cylinder, and the 𝑥- axis is chosen 

vertically along the cylinder, whereas the radial coordinate 𝑟 is chosen normally to the surface. 

The physical model with the coordinates system of the flow is shown in Figure 1. 

 
Figure 1. Schematic diagram of the problem. 

Let 𝑢𝑜 be the velocity at which the cylinder is moving. At time 𝑡 > 0, the temperature 

and the nanoparticle concentration rose to 𝑇𝑤 (> 𝑇∞) and 𝐶𝑤 (> 𝐶∞) respectively and 

remained constant thereafter, where 𝑇𝑤, 𝐶𝑤 are the temperature and nanoparticle concentration 

at the cylinder surface, and 𝑇∞,  𝐶∞ are the temperature and nanoparticle concentration far away 

from the surface, respectively. An external uniform magnetic field 𝐵𝑜 is applied to the 

cylindrical surface along the direction normal to 𝑥-axis. Considering that the fluid is slightly 
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conducting, the magnetic Reynolds number is much less than unity; thus, the induced magnetic 

field is negligible compared to the applied magnetic field. 

For the Williamson fluid model [9], Cauchy stress tensor 𝑆 can be expressed as: 

                                                                        𝑆 = −𝑝𝐼 + 𝜏̅ …(1) 

𝜏̅ = [𝜇∞ +
𝜇𝑜 − 𝜇∞
1 − 𝛤𝛾∗

] 𝐴1 
…(2) 

Here, 𝛾∗ is defined as: 

𝛾∗ = (
𝜋

2
)

1
2
, 𝑤ℎ𝑒𝑟𝑒 𝜋 =  𝑡𝑟𝑎𝑐𝑒(𝐴1)

2 
…(3) 

Considering the case for 𝜇∞ = 0 and Γ𝛾∗ < 1, Equation (2) becomes: 

𝜏̅ = [
𝜇𝑜

1 − Γ𝛾∗
] 𝐴1 

By using binomial expansion, we get: 

𝜏̅ = 𝜇𝑜(1 + 𝛤𝛾
∗)𝐴1 …(4) 

The governing equations of the nanofluid may be expressed in vector form using the 

Cartesian coordinates x and y as - 

The Continuity Equation: 

∇. �⃗� = 0 …(5) 

The Momentum Equation: 

𝜌 [
𝜕�⃗�

𝜕𝑡
+ (�⃗�. ∇)�⃗�]

= −𝛻𝑝 + 𝜇𝛻2�⃗� − 𝐽 × �⃗⃗� + �⃗�𝛽𝑡(�̅� − �̅�∞) + �⃗�𝛽𝑐(𝐶̅ − 𝐶∞̅) − (
𝜇

𝑘0
) �⃗� 

…(6) 

Ohm's law 

𝐽 = 𝜎[�⃗⃗� + (�⃗� × �⃗⃗�)] …(7) 

Gauss law of magnetism 

∇. �⃗⃗� = 0 …(8) 

The Energy Equation: 
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𝜌𝐶𝑝 [
𝜕�̅�

𝜕𝑡
+ (�⃗�. ∇)�̅�]

= 𝜅𝛻2�̅� + 𝜇 (𝛻�⃗�. 𝛻�⃗�) − ∇𝑞𝑟 + (𝐽 × �⃗⃗�)𝑞
2

+ 𝜌𝐶𝑝 [𝐷𝐵(∇𝐶̅. ∇�̅�) + (
𝐷𝑇
�̅�∞ 
) (∇�̅�. ∇�̅�)] 

…(9) 

The Concentration Equation: 

𝜕𝐶̅

𝜕𝑡
+ (�⃗�. ∇)𝐶̅ = 𝐷𝐵𝛻

2𝐶̅ +
𝐷𝑇
�̅�∞
𝛻2�̅� − 𝐾1(𝐶̅ − 𝐶∞̅) 

…(10) 

Here we consider �⃗� is a function of 𝑢 and 𝑣. 

The following equations describe the unsteady MHD Williamson nanofluid flow with 

heat and mass transfer under the aforementioned assumptions and under standard boundary 

conditions. [36-38]: 

The Continuity Equation: 

𝜕(𝑟𝑢)

𝜕𝑥
+
𝜕(𝑟𝑣)

𝜕𝑟
= 0 

…(11) 

The Momentum Equation: 

𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑟

= 𝜈 (
𝜕2𝑢

𝜕𝑟2
+
1

𝑟

𝜕𝑢

𝜕𝑟
 ) + √2𝜈𝛤

𝜕𝑢

𝜕𝑟
(
𝜕2𝑢

𝜕𝑟2
+
1

𝑟

𝜕𝑢

𝜕𝑟
 ) + 𝑔𝛽𝑡(�̅� − �̅�∞)

+ 𝑔𝛽𝑐(𝐶̅ − 𝐶∞̅) −
𝜎𝑒𝐵𝑜

2

𝜌
𝑢 −

𝜈

𝑘𝑜
𝑢 

…(12) 

The Energy Equation: 

𝜕�̅�

𝜕𝑡
+ 𝑢

𝜕�̅�

𝜕𝑥
+ 𝑣

𝜕�̅�

𝜕𝑟

=
𝜅

𝜌𝐶𝑝
(
𝜕2�̅�

𝜕𝑟2
+
1

𝑟

𝜕�̅�

𝜕𝑟
) +

𝜎𝑒𝐵𝑜
2

𝜌𝐶𝑝
𝑢2 + 𝜏∗ {𝐷𝐵 (

𝜕𝐶̅

𝜕𝑟

𝜕�̅�

𝜕𝑟
) +

𝐷𝑇
𝑇∞
(
𝜕�̅�

𝜕𝑟
)

2

}

−
1

𝜌𝐶𝑝

𝜕𝑞𝑟
𝜕𝑟

 

…(13) 

The Concentration Equation: 

𝜕𝐶̅

𝜕𝑡
+ 𝑢

𝜕𝐶̅

𝜕𝑥
+ 𝑣

𝜕𝐶̅

𝜕𝑟
= 𝐷𝐵 (

𝜕2𝐶̅

𝜕𝑟2
+
1

𝑟

𝜕𝐶̅

𝜕𝑟
) +

𝐷𝑇
𝑇∞
(
𝜕2�̅�

𝜕𝑟2
+
1

𝑟

𝜕�̅�

𝜕𝑟
) − 𝐾1(𝐶̅ − 𝐶∞̅) 

…(14) 

The initial and boundary conditions are as follows: 
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𝑡 ≤ 0       𝑢 = 0           𝑣 = 0           �̅� = �̅�∞         𝐶̅ = 𝐶∞̅        for all 𝑥 ≥ 0 and 𝑟 ≥ 0  

𝑡 > 0       𝑢 = 𝑢𝑜             𝑣 = 0           �̅� = �̅�𝑤            𝐶̅ = 𝐶�̅�        at 𝑟 = 𝑟𝑜  

                 𝑢 = 0                𝑣 = 0           �̅� = �̅�∞           𝐶̅ = 𝐶∞̅        at 𝑥 = 0 and 𝑟 ≥ 𝑟𝑜  

                 𝑢 → 0                                     �̅� → �̅�∞           𝐶̅ → 𝐶∞̅        as 𝑟 → ∞  …(15) 

Rosseland approximation allows us to write the radiative heat flux term 𝑞𝑟 as [39-41]: 

𝑞𝑟 =
−4𝜎∗

3𝑘∗
𝜕�̅�4

𝜕𝑟
 

…(16) 

If we generalise the Taylor series and exclude the higher order terms, we obtain  

T̅4 = 4 T̅∞
3  T̅ − 3 T̅∞

4  

Hence eq. (16) becomes- 

𝜕𝑞𝑟
𝜕𝑟

= −
16𝜎∗�̅�∞

3

3𝑘∗
𝜕2�̅�

𝜕𝑟2
 

…(17) 

  Introducing the dimensionless variable [42]: 

𝑈 =
𝑢

𝑈𝑜
,       𝑉 =

𝑣𝑟𝑜
𝜈
,         𝑋 =

𝑥𝜈 

𝑈𝑜𝑟𝑜2
,        𝑅 =

𝑟

𝑟𝑜
 ,            𝜏 =

𝑡𝜈

𝑟𝑜2
,     

𝑇 =
�̅� − �̅�∞

�̅�𝑤 − �̅�∞
,       𝐶 =

𝐶̅ − 𝐶∞̅

𝐶�̅� − 𝐶∞̅
 

…(18) 

Then eqns. (11) to (14) becomes: 

𝜕(𝑅𝑈)

𝜕𝑋
+
𝜕(𝑅𝑉)

𝜕𝑅
= 0 

…(19) 

𝜕𝑈

𝜕𝜏
+ 𝑈

𝜕𝑈

𝜕𝑋
+ 𝑉

𝜕𝑈

𝜕𝑅
= (1 + 𝜆

𝜕𝑈

𝜕𝑅
) (
𝜕2𝑈

𝜕𝑅2
+
1

𝑅

𝜕𝑈

𝜕𝑅
) + 𝐺𝑟𝑇 + 𝐺𝑚𝐶 − (𝑀 + 𝐾𝑝)𝑈 

…(20) 

𝜕𝑇

𝜕𝜏
+ 𝑈

𝜕𝑇

𝜕𝑋
+ 𝑉

𝜕𝑇

𝜕𝑅

=
1

𝑃𝑟
 (1 + 𝑅𝑑) (

𝜕2𝑇

𝜕𝑅2
+
1

𝑅

𝜕𝑇

𝜕𝑅
) + 𝑁𝑏

𝜕𝐶

𝜕𝑅

𝜕𝑇

𝜕𝑅
+ 𝑁𝑡 (

𝜕𝑇

𝜕𝑅
)
2

+𝑀𝐸𝑐𝑈
2 

…(21) 

𝜕𝐶

𝜕𝜏
+ 𝑈

𝜕𝐶

𝜕𝑋
+ 𝑉

𝜕𝐶

𝜕𝑅
=
1

𝐿𝑒
[(
𝜕2𝐶

𝜕𝑅2
+
1

𝑅

𝜕𝐶

𝜕𝑅
) +

𝑁𝑡

𝑁𝑏
(
𝜕2𝑇

𝜕𝑅2
+
1

𝑅

𝜕𝑇

𝜕𝑅
)] − 𝛾𝐶 

…(22) 
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The dimensionless boundary conditions are: 

𝜏 ≤ 0,     𝑈 = 0,     𝑉 = 0,      𝑇 = 0,     𝐶 = 0                           𝑒𝑣𝑒𝑟𝑦𝑤ℎ𝑒𝑟𝑒   

𝜏 ≤ 0,     𝑈 = 0,     𝑉 = 0,      𝑇 = 0,     𝐶 = 0                           𝑒𝑣𝑒𝑟𝑦𝑤ℎ𝑒𝑟𝑒   

𝜏 > 0,     𝑈 = 1,     𝑉 = 0,      𝑇 = 1,     𝐶 = 1                            𝑎𝑡 𝑅 = 1  

                𝑈 = 0,      𝑉 = 0,      𝑇 = 0,    𝐶 = 0                            𝑎𝑡 𝑋 = 0 and 𝑅 ≥ 1  

                𝑈 → 0,      𝑉 → 0,      𝑇 → 0,    𝐶 → 0                           𝑎𝑠 𝑅 → ∞ …(23) 

In this study, we specify the flow parameters as follows: - 

λ =
√2Γ𝑈𝑜
𝑟𝑜

 𝑀 =
𝜎𝑒𝐵𝑜

2𝑟𝑜
2

𝜌𝜈
 𝐺𝑟 =

𝑔𝛽𝑡(�̅�𝑤 − �̅�∞)𝜈

𝑈𝑜
3  𝐺𝑚 =

𝑔𝛽𝑐(𝐶�̅� − 𝐶∞̅)𝜈

𝑈𝑜
3  

𝐾𝑝 =
𝑟𝑜
2

𝑘𝑜
 𝐸𝑐 =  

𝑈𝑜
2

𝐶𝑝(�̅�𝑤 − �̅�∞)
 𝑃𝑟 =

𝜈𝜌𝐶𝑝

𝜅
 𝑅𝑑 =

16𝜎∗�̅�∞
3

3𝜅𝜅∗
 

𝑁𝑏 =
𝜏𝐷𝐵(𝐶�̅� − 𝐶∞̅)

𝜈
 𝑁𝑡 =

𝜏𝐷𝑇(�̅�𝑤 − �̅̅�∞)

�̅�∞𝜈
 𝐿𝑒 =

𝜈

𝐷𝐵
 𝛾 =

𝜈𝐾𝑝

𝑟𝑜2
 

 

3. Numerical Procedure 

An explicit finite differential system of equations is developed for solving the non-

linear coupled partial differential equations (16) – (19) under the boundary conditions of 

Equation (20).  

 

Figure 2. Finite difference space grid. 
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The flow field is considered a rectangular area, and grid lines are lines parallel to both 

𝑋 and 𝑅 direction, with the X direction running parallel to the cylinder and the Y direction 

running normally to the vertical cylinder. The height of the cylinder is considered to be in the 

range [0,20]. Therefore, X may be any positive integer, and the radius, R, can be any positive 

real number from [0,50]. Figure 2 depicts a space grid with m=100 nodes along the X-axis and 

n=200 nodes along the R-axis.  

The subscripts 𝑖 and 𝑗 denote the grid points toward the 𝑋 and 𝑅 coordinates, 

respectively, where 𝑋 = 𝑖∆𝑋 and 𝑅 = 1 + (𝑗 − 1)∆𝑅. Additionally, the values of 𝑈, 𝑉, 𝑇, and 

𝐶 at the end of a time step may be assumed to be 𝑈′, 𝑉′, 𝑇′, and 𝐶′. In order to derive the 

following sets of finite difference equations, an explicit finite difference technique is used: 

𝑈𝑖,𝑗 − 𝑈𝑖−1,𝑗

∆𝑋
+
𝑉𝑖,𝑗 − 𝑉𝑖,𝑗−1

∆𝑅
+

𝑉𝑖,𝑗

1 + (𝑗 − 1)∆𝑅
= 0 

…(24) 

𝑈𝑖,𝑗
′ − 𝑈𝑖,𝑗

∆𝜏
+ 𝑈𝑖,𝑗

𝑈𝑖,𝑗 − 𝑈𝑖−1,𝑗

∆𝑋
+ 𝑉𝑖,𝑗

𝑈𝑖,𝑗+1 − 𝑈𝑖,𝑗

∆𝑅

= (1 + 𝜆
𝑈𝑖,𝑗+1 − 𝑈𝑖,𝑗

∆𝑅
) (
𝑈𝑖,𝑗+1 − 2𝑈𝑖,𝑗 + 𝑈𝑖,𝑗−1

(∆𝑅)2

+
1

1 + (𝑗 − 1)∆𝑅

𝑈𝑖,𝑗+1 − 𝑈𝑖,𝑗

∆𝑅
) + +𝐺𝑟𝑇𝑖,𝑗 + 𝐺𝑚𝐶𝑖,𝑗 − (𝐾𝑝

+𝑀)𝑈𝑖,𝑗 

…(25) 

𝑇𝑖,𝑗
′ − 𝑇𝑖,𝑗

∆𝜏
+ 𝑈𝑖,𝑗

𝑇𝑖,𝑗 − 𝑇𝑖−1,𝑗

∆𝑋
+ 𝑉𝑖,𝑗

𝑇𝑖,𝑗+1 − 𝑇𝑖,𝑗

∆𝑅

= (
1 + 𝑅𝑑

𝑃𝑟
) (
𝑇𝑖,𝑗+1 − 2𝑇𝑖,𝑗 + 𝑇𝑖,𝑗−1

(∆𝑅)2

+
1

1 + (𝑗 − 1)∆𝑅

𝑇𝑖,𝑗+1 − 𝑇𝑖,𝑗

∆𝑅
)

+ 𝑁𝑏 (
𝑇𝑖,𝑗+1 − 𝑇𝑖,𝑗

∆𝑅
 
𝐶𝑖,𝑗+1 − 𝐶𝑖,𝑗

∆𝑅
) + 𝑁𝑡 (

𝑇𝑖,𝑗+1 − 𝑇𝑖,𝑗

∆𝑅
)
2

+𝑀𝐸𝑐𝑈𝑖,𝑗
2  

…(26) 

𝐶𝑖,𝑗
′ − 𝐶𝑖,𝑗

∆𝜏
+ 𝑈𝑖,𝑗

𝐶𝑖,𝑗 − 𝐶𝑖−1,𝑗

∆𝑋
+ 𝑉𝑖,𝑗

𝐶𝑖,𝑗+1 − 𝐶𝑖,𝑗

∆𝑅

=
1

𝐿𝑒
[(
𝐶𝑖,𝑗+1 − 2𝐶𝑖,𝑗 + 𝐶𝑖,𝑗−1

(∆𝑅)2

+
1

1 + (𝑗 − 1)∆𝑅

𝐶𝑖,𝑗+1 − 𝐶𝑖,𝑗

∆𝑅
)

+
𝑁𝑡

𝑁𝑏
(
𝑇𝑖,𝑗+1 − 2𝑇𝑖,𝑗 + 𝑇𝑖,𝑗−1

(∆𝑅)2

+
1

1 + (𝑗 − 1)∆𝑅

𝑇𝑖,𝑗+1 − 𝑇𝑖,𝑗

∆𝑅
)] − 𝛾𝐶𝑖,𝑗 

…(27) 

Along with initial and boundary conditions: 

when, 𝑡 ≤ 0 then  𝑈0,𝑗 = 0,   𝑉0,𝑗 = 0,   𝑇0,𝑗 = 0,   𝐶0,𝑗 = 0      everywhere 

when, 𝑡 > 0 then  𝑈0,𝑗 = 1,   𝑉0,𝑗 = 0,   𝑇0,𝑗 = 1,   𝐶0,𝑗 = 1     for all 𝑅 = 1 

  𝑈𝑛,𝑗 = 0,   𝑉𝑛,𝑗 = 0,   𝑇𝑛,𝑗 = 0,   𝐶𝑛,𝑗 = 0    as 𝑅 → ∞            …(28) 

where the superscript n denotes the value of time, 𝜏 = 𝑛. ∆𝜏 where 𝑛=1, 2, 3, 4..., and the i and 

j represent the grid points with 𝑋 and 𝑌 coordinates, respectively. Each mesh size is maintained 

constant in the 𝑥 and 𝑦 directions at 𝑋=0.202 and 𝑌=0.251 with a smaller time step of 𝜏=0.0005. 
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4. Stability and Convergence Analysis 

Since the implementation of the finite difference is explicit, it is crucial to address the 

stability and convergence analysis of the issue. Equation (21) is overpassed since ∆𝜏 is absent 

from it. Apart from the constants, the Fourier expansion of 𝑈, 𝑇, and 𝐶 is often written as 

𝑒𝑖𝛼𝑋𝑒𝑖𝛽𝑌 for any time 𝜏 = 0. Here 𝑖 = √−1. The following equations are attainable at time 𝑡:  

𝑈:𝜓(𝜏)𝑒𝑖𝛼𝑋𝑒𝑖𝛽𝑅  

 
 
 
 
 
 }
 
 

 
 

…(29) 
𝑇: 𝜃(𝜏)𝑒𝑖𝛼𝑋𝑒𝑖𝛽𝑅 

𝐶: 𝜙(𝜏)𝑒𝑖𝛼𝑋𝑒𝑖𝛽𝑅 

𝑈′: 𝜓′(𝜏)𝑒𝑖𝛼𝑋𝑒𝑖𝛽𝑅 
 
 
 
 
 
  }
 
 

 
 

…(30) 

𝑇′: 𝜃′(𝜏)𝑒𝑖𝛼𝑋𝑒𝑖𝛽𝑅 

𝐶′: 𝜙′(𝜏)𝑒𝑖𝛼𝑋𝑒𝑖𝛽𝑅 

Substituting Eqns. (29) and (30) into Eqns. (25) - (27), we get: 

Momentum Equation: 

(𝜓′(𝜏) − 𝜓(𝜏))𝑒𝑖𝛼𝑋𝑒𝑖𝛽𝑅

∆𝜏
+ 𝑈𝜓(𝜏)

(1 − 𝑒−𝑖𝛼∆𝑋)𝑒𝑖𝛼𝑋𝑒𝑖𝛽𝑅

∆𝑋
+ 𝑉𝜓(𝜏)

(𝑒𝑖𝛽∆𝑅 − 1)𝑒𝑖𝛼𝑋𝑒𝑖𝛽𝑅

∆𝑅

= (1 + 𝜆𝜓(𝜏)
(𝑒𝑖𝛽∆𝑅 − 1)𝑒𝑖𝛼𝑋𝑒𝑖𝛽𝑅

∆𝑅
)(𝜓(𝜏)

2(𝑐𝑜𝑠𝛽∆𝑅) − 1)𝑒𝑖𝛼𝑋𝑒𝑖𝛽𝑅

(∆𝑅)2

+
𝜓(𝜏)

𝑅

(𝑒𝑖𝛽∆𝑅 − 1)𝑒𝑖𝛼𝑋𝑒𝑖𝛽𝑅

∆𝑅
) + 𝐺𝑟𝜃(𝜏)𝑒

𝑖𝛼𝑋𝑒𝑖𝛽𝑅 + 𝐺𝑚𝜙(𝜏)𝑒
𝑖𝛼𝑋𝑒𝑖𝛽𝑅 − (𝑀

+ 𝐾𝑝)𝜓(𝜏)𝑒
𝑖𝛼𝑋𝑒𝑖𝛽𝑅 

⇒ 𝜓′(𝜏) = 𝜓(𝜏) [1 − 𝑈∆𝜏
(1 − 𝑒−𝑖𝛼∆𝑋)

∆𝑋
− 𝑉∆𝜏

(𝑒𝑖𝛽∆𝑅 − 1)

∆𝑅

+ (1 + 𝑈𝜆
(𝑒𝑖𝛽∆𝑅 − 1)

∆𝑅
) (
2∆𝜏(𝑐𝑜𝑠𝛽∆𝑅) − 1)

(∆𝑅)2

+
∆𝜏

𝑅

(𝑒𝑖𝛽∆𝑅 − 1)

∆𝑅
) − (𝑀 + 𝐾𝑝)∆𝜏] + 𝐺𝑟∆𝜏𝜃(𝜏)

+ 𝐺𝑚∆𝜏𝜙(𝜏) 

…(31) 

Energy Equation: 

(𝜃′(𝜏) − 𝜃(𝜏))𝑒𝑖𝛼𝑋𝑒𝑖𝛽𝑅

∆𝜏
+ 𝑈𝜃(𝜏)

(1 − 𝑒−𝑖𝛼∆𝑋)𝑒𝑖𝛼𝑋𝑒𝑖𝛽𝑅

∆𝑋
+ 𝑉𝜃(𝜏)

(𝑒𝑖𝛽∆𝑅 − 1)𝑒𝑖𝛼𝑋𝑒𝑖𝛽𝑅

∆𝑅

= (
1 + 𝑅

𝑃𝑟
)(𝜃(𝜏)

2(𝑐𝑜𝑠𝛽∆𝑅) − 1)𝑒𝑖𝛼𝑋𝑒𝑖𝛽𝑅

(∆𝑅)2
+
𝜃(𝜏)

𝑅

(𝑒𝑖𝛽∆𝑅 − 1)𝑒𝑖𝛼𝑋𝑒𝑖𝛽𝑅

∆𝑅
)

+ 𝑁𝑏𝐶𝜃(𝜏) (
𝑒𝑖𝛽∆𝑅 − 1

∆𝑅
)

2

+𝑁𝑡𝑇𝜃(𝜏)(
𝑒𝑖𝛽∆𝑅 − 1

∆𝑅
)

2

+𝑀𝐸𝑐𝑈𝜓(𝜏)𝑒
𝑖𝛼𝑋𝑒𝑖𝛽𝑅 
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⇒ 𝜃′(𝜏) = 𝜃(𝜏) [1 − 𝑈∆𝜏
(1 − 𝑒−𝑖𝛼∆𝑋)

∆𝑋
− 𝑉∆𝜏

(𝑒𝑖𝛽∆𝑅 − 1)

∆𝑅

+ (
1 + 𝑅𝑑

𝑃𝑟
)(
2∆𝜏(𝑐𝑜𝑠𝛽∆𝑅) − 1)

(∆𝑅)2
+
∆𝜏

𝑅

(𝑒𝑖𝛽∆𝑅 − 1)

∆𝑅
)

+ 𝑁𝑏𝐶∆𝜏 (
𝑒𝑖𝛽∆𝑅 − 1

∆𝑅
)

2

+𝑁𝑡𝑇∆𝜏 (
𝑒𝑖𝛽∆𝑅 − 1

∆𝑅
)

2

]

+ 𝑀𝐸𝑐𝑈∆𝜏𝜓(𝜏) 

…(32) 

Concentration Equation: 

(𝜙′(𝜏) − 𝜙(𝜏))𝑒𝑖𝛼𝑋𝑒𝑖𝛽𝑅

∆𝜏
+ 𝑈𝜙(𝜏)

(1 − 𝑒−𝑖𝛼∆𝑋)𝑒𝑖𝛼𝑋𝑒𝑖𝛽𝑅

∆𝑋
+ 𝑉𝜙(𝜏)

(𝑒𝑖𝛽∆𝑌 − 1)𝑒𝑖𝛼𝑋𝑒𝑖𝛽𝑅

∆𝑅

=
1

𝐿𝑒
[(𝜙(𝜏)

2(𝑐𝑜𝑠𝛽∆𝑅) − 1)𝑒𝑖𝛼𝑋𝑒𝑖𝛽𝑅

(∆𝑅)2
+
𝜙(𝜏)

𝑅

(𝑒𝑖𝛽∆𝑅 − 1)𝑒𝑖𝛼𝑋𝑒𝑖𝛽𝑅

∆𝑅
)

+
𝑁𝑡

𝑁𝑏
(𝜃(𝜏)

2(𝑐𝑜𝑠𝛽∆𝑅) − 1)𝑒𝑖𝛼𝑋𝑒𝑖𝛽𝑅

(∆𝑅)2
+
𝜃(𝜏)

𝑅

(𝑒𝑖𝛽∆𝑅 − 1)𝑒𝑖𝛼𝑋𝑒𝑖𝛽𝑅

∆𝑅
)]

− 𝛾𝜙(𝜏)𝑒𝑖𝛼𝑋𝑒𝑖𝛽𝑅 

⇒ 𝜙′(𝜏) = 𝜙(𝜏) [1 − 𝑈∆𝜏
(1 − 𝑒−𝑖𝛼∆𝑋)

∆𝑋
− 𝑉∆𝜏

(𝑒𝑖𝛽∆𝑅 − 1)

∆𝑅

+
1

𝐿𝑒
(
2∆𝜏(𝑐𝑜𝑠𝛽∆𝑅) − 1)

(∆𝑅)2
+
∆𝜏

𝑅

(𝑒𝑖𝛽∆𝑅 − 1)

∆𝑅
) − 𝛾∆𝜏]

+ 𝜃(𝜏) [
𝑁𝑡

𝑁𝑏
(
2∆𝜏(𝑐𝑜𝑠𝛽∆𝑅) − 1)

(∆𝑅)2
+
∆𝜏

𝑅

(𝑒𝑖𝛽∆𝑅 − 1)

∆𝑅
)] 

…(33) 

Eqn. (25) to (27) can be written in the following form: 

𝜓′ = 𝐴1𝜓 + 𝐴2𝜃 + 𝐴3𝜙 …(34) 

𝜃′ = 𝐵𝜃 + 𝐸𝜓 …(35) 

𝜙′ = 𝐽𝜙 + 𝐾𝜃 …(36) 

where 

𝐴1 = 1 − 𝑈∆𝜏
(1 − 𝑒−𝑖𝛼∆𝑋)

∆𝑋
− 𝑉∆𝜏

(𝑒𝑖𝛽∆𝑅 − 1)

∆𝑅

+ (1 + 𝑈𝜆
(𝑒𝑖𝛽∆𝑅 − 1)

∆𝑅
)(
2∆𝜏(𝑐𝑜𝑠𝛽∆𝑅) − 1)

(∆𝑅)2
+
∆𝜏

𝑅

(𝑒𝑖𝛽∆𝑅 − 1)

∆𝑅
)

− (𝑀 + 𝐾𝑝)∆𝜏 

𝐴2 = 𝐺𝑟∆𝜏 

𝐴3 = 𝐺𝑚∆𝜏 

𝐵 = 1 − 𝑈∆𝜏
(1 − 𝑒−𝑖𝛼∆𝑋)

∆𝑋
− 𝑉∆𝜏

(𝑒𝑖𝛽∆𝑅 − 1)

∆𝑅

+ (
1 + 𝑅𝑑

𝑃𝑟
)(
2∆𝜏(𝑐𝑜𝑠𝛽∆𝑅) − 1)

(∆𝑅)2
+
∆𝜏

𝑅

(𝑒𝑖𝛽∆𝑅 − 1)

∆𝑅
) + 𝑁𝑏𝐶∆𝜏 (

𝑒𝑖𝛽∆𝑅 − 1

∆𝑅
)

2

+𝑁𝑡𝑇∆𝜏 (
𝑒𝑖𝛽∆𝑅 − 1

∆𝑅
)

2

 

𝐸 = 𝑀𝐸𝑐𝑈∆𝜏 
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𝐽 = 1 − 𝑈∆𝜏
(1 − 𝑒−𝑖𝛼∆𝑋)

∆𝑋
− 𝑉∆𝜏

(𝑒𝑖𝛽∆𝑅 − 1)

∆𝑅

+
1

𝐿𝑒
(
2∆𝜏(𝑐𝑜𝑠𝛽∆𝑅) − 1)

(∆𝑅)2
+
∆𝜏

𝑅

(𝑒𝑖𝛽∆𝑅 − 1)

∆𝑅
) − 𝛾∆𝜏 

𝐾 =
𝑁𝑡

𝑁𝑏
(
2∆𝜏(𝑐𝑜𝑠𝛽∆𝑅) − 1)

(∆𝑅)2
+
∆𝜏

𝑅

(𝑒𝑖𝛽∆𝑅 − 1)

∆𝑅
) 

Now Eqn. (34) to (36) can be expressed in matrix form as: 

[
𝜓′

𝜃′
𝜙′
] = [

𝐴1 𝐴2 𝐴3
𝐸 𝐵 0
0 𝐾 𝐽

] [
𝜓
𝜃
𝜙
] 

⇒ 𝜂′ = 𝑇𝜂 

where 𝜂′ = [
𝜓′

𝜃′
𝜙′

],       𝑇 = [
𝐴1 𝐴2 𝐴3
𝐸 𝐵 0
0 𝐾 𝐽

]      and    𝜂 = [
𝜓
𝜃
𝜙
] 

Finding the stability condition requires determining the eigen values of the matrix 𝑇, 

which is challenging in this investigation since each element of 𝑇 is unique. A temporal step-

size of zero, or very close to it, i.e., ∆𝜏 → 0 is being examined as a potential solution to this 

issue. This results in 𝐸 → 0 and 𝐾 → 0. This leads to the following amplification matrix:  

𝑇 = [
𝐴1 𝐴2 𝐴3
0 𝐵 0
0 0 𝐽

] 

Consequently, the eigenvalues of the amplified matrix T are 𝜆1 = 𝐴1, 𝜆2 = 𝐵 and 𝜆3 =

𝐽.  

The modulus of the eigenvalues must not be more than unity for stability. The stability 

criteria are thus:  

|𝐴1| ≤ 1,           |𝐵| ≤ 1        𝑎𝑛𝑑     |𝐽| ≤ 1 

Assuming 𝑈 is non-negative, and 𝑉 is non-positive everywhere and choosing 𝑎 =
∆𝜏

𝑅∆𝑅
, 

𝑏 = 𝑈
∆𝜏

∆𝑋
, 𝑐 = |−𝑉|

∆𝜏

∆𝑅
, 𝑑 = ∆𝜏 and 𝑒 =

2∆𝜏

(∆𝑅)2
, where 𝑎, 𝑏, 𝑐, and 𝑑 are real and non-negative 

numbers, we have: 

𝐴1 = 1 − 𝑏(1 − 𝑒−𝑖𝛼∆𝑋) + 𝑐(𝑒𝑖𝛽∆𝑅 − 1) + (1 + 𝑈𝜆
(𝑒𝑖𝛽∆𝑅−1)

∆𝑅
)(𝑒(𝑐𝑜𝑠𝛽∆𝑅) − 1) +

𝑎(𝑒𝑖𝛽∆𝑅 − 1)) − (𝑀 + 𝐾𝑝)𝑑  

𝐵 = 1 − 𝑏(1 − 𝑒−𝑖𝛼∆𝑋) + 𝑐(𝑒𝑖𝛽∆𝑅 − 1) + (
1 + 𝑅𝑑

𝑃𝑟
) (𝑒(𝑐𝑜𝑠𝛽∆𝑅) − 1) + 𝑎(𝑒𝑖𝛽∆𝑅 − 1))

+
𝑁𝑏𝐶(𝑒𝑖𝛽∆𝑅 − 1)

2
𝑒

2
+
𝑁𝑡𝑇(𝑒𝑖𝛽∆𝑅 − 1)

2
𝑒

2
 

𝐽 = 1 − 𝑏(1 − 𝑒−𝑖𝛼∆𝑋) + 𝑐(𝑒𝑖𝛽∆𝑅 − 1) +
1

𝐿𝑒
(𝑒(𝑐𝑜𝑠𝛽∆𝑅) − 1) + 𝑎(𝑒𝑖𝛽∆𝑅 − 1)) − 𝛾𝑑 

When 𝛼∆𝑋 = 𝑚𝜋 and 𝛽∆𝑌 = 𝑛𝜋, where 𝑚 = 𝑛 =odd integer, the modulus of 𝐴1, 𝐵, 

and 𝐽 are maximized. Consequently, we have:  

𝐴1 = 1 − 2 [𝑏 + 𝑐 + (1 −
2𝜆𝑈

𝑅
) (𝑒 + 𝑎) + (𝑀 + 𝐾𝑝)𝑑 ] 

𝐵 = 1 − 2 [𝑏 + 𝑐 +
1 + 𝑅𝑑

𝑃𝑟
(𝑒 + 𝑎) − (𝑁𝑏𝐶 + 𝑁𝑡𝑇)𝑒] 
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𝐶 = 1 − 2 [𝑏 + 𝑐 +
1

𝐿𝑒
(𝑒 + 𝑎) +

𝛾𝑑

2
] 

The highest negative value of 𝐴1, 𝐵 and 𝐽 that may be permitted is -1, i.e., 𝐴, 𝐵 𝑎𝑛𝑑 𝐽 ≥

−1. This gives:  

𝑏 + 𝑐 +
1 + 𝑅𝑑

𝑃𝑟
(𝑒 + 𝑎) − (𝑁𝑏𝐶 + 𝑁𝑡𝑇)𝑒 ≤ 1 

𝑏 + 𝑐 +
1

𝐿𝑒
(𝑒 + 𝑎) +

𝛾𝑑

2
≤ 1 

i.e., 

𝑈
∆𝜏

∆𝑋
+ |𝑉|

∆𝜏

∆𝑌
+
1 + 𝑅𝑑

𝑃𝑟
(
2∆𝜏

(∆𝑅)2
+

∆𝜏

𝑅∆𝑅
) − (𝑁𝑏𝐶 + 𝑁𝑡𝑇)

2∆𝜏

(∆𝑅)2
≤ 1 

𝑈
∆𝜏

∆𝑋
+ |𝑉|

∆𝜏

∆𝑌
+
1

𝐿𝑒
(
2∆𝜏

(∆𝑅)2
+

∆𝜏

𝑅∆𝑅
) +

𝛾∆𝜏

2
≤ 1 

From the initial condition, we have 𝑈 = 𝑉 = �̅� = 𝐶̅ = 0 at 𝜏 = 0 and we consider 𝐸𝑐 <

< 1 and 𝑅 ≥ 0.5. Hence, the convergence criteria of the method are 𝐿𝑒 ≥ 0.018 and 𝑃𝑟 ≥

0.03 when ∆𝑋 = 0.202, ∆𝑅 = 0.251, and ∆𝜏 = 0.0005." 

5. Results and Discussion 

The current study's findings are provided in graphical form to analyze the physical 

representation of the problem. The graphs depict the influence of various factors on the 

velocity, temperature, and concentration profiles. All the graphs in this study are obtained using 

the MATLAB program, which implements the explicit finite difference technique to solve the 

problem. 

   
  Figure 3. Velocity profile for different values of M.           Figure 4. Velocity profile for different values of λ. 

The changes in velocity for various values of M are shown in Figure 3. It is seen here 

that the velocity of the nanofluid decreases as the magnetic parameter rises. As the magnetic 

field parameter increases, a resistive force called a Lorentz force is produced, which retards the 

magnetic pressure drop affecting the velocity. As a result, the motion gets slowed down. 

Therefore, the velocity decreases with the increasing value of 𝑀. Figure 4 depicts the influence 

of the Williamson parameter on the velocity profile. A decreasing behavior is observed for 

velocity with the increase of 𝜆.  

It can be observed in Figures 5 and 6 as 𝑁𝑡 rises, both the temperature and nanoparticle 

concentration profile increase. The increase in 𝑁𝑡 may be explained by an increase in the 

thermophoresis force, which causes nanoparticles to migrate more swiftly from the hot surface 

to the cool surface, away from the sheet. Because the nanoparticles return from the hotter 
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surface, the temperature inside the boundary layer region rises. In addition, the concentration 

profile increases because of the motion of the nanoparticles due to the thermophoresis force. 

 
 Figure 5. Temperature profile for different values of Nt   Figure 6. Concentration profile for different values of Nt.    

 
 Figure 7. Temperature profile for different values of Nb. Figure 8. Concentration profile for different values of Nb. 

The effect of 𝑁𝑏 on temperature is seen in Figure 7. From the graph, it's clear that as 

𝑁𝑏 increases, so does the temperature. It is commonly known that collisions between 

nanoparticles increase with 𝑁𝑏 because 𝑁𝑏 causes nanoparticles to move more randomly. In 

consequence, the temperature inside the boundary layer increases as the kinetic energy is 

converted into thermal energy. Conversely, the concentration profile decreases with increasing 

𝑁𝑏, as seen in Figure 8, which displays the concentration profile for various values of 𝑁𝑏. The 

reason is when 𝑁𝑏 grows, particles prefer to cluster closer together.  

 
Figure 9. Temperature profile for different values of Pr.  Figure 10. Velocity profile for different values of Kp. 

Figure 9 exhibits the effect of 𝑃𝑟 on dimensionless temperature, respectively. As 𝑃𝑟 

rises, it's easy to see how the temperature within the boundary layer area drops. Momentum 
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diffusivity to temperature diffusivity is the basis for the concept of 𝑃𝑟. So, a high Prandtl 

number indicates poor thermal conductivity and a smaller thermal layer structure since 

momentum diffuses more quickly than heat. As the Prandtl number rises, the heat transfer rate 

of the fluid rises, causing the temperature of the boundary layer to fall. Figure 10 reveals the 

impact of 𝐾𝑝 on the velocity profile. It is clear from the figure that the velocity decreases with 

the increase in 𝐾𝑝. This occurs because an enhancement in 𝐾𝑝 amplifies the porous layer, and 

thus, velocity in the boundary layer decreases. 

 Figure 11. Temperature profile for different values of Rd.   Figure 12. Concentration profile for different values of Rd. 

 
Figure 13. Velocity profile for different values of Gr.   Figure 14. Velocity profile for different values of Gm. 

 
𝐅𝐢𝐠𝐮𝐫𝐞 𝟏𝟓. Concentration profile for different values of γ.   𝐅𝐢𝐠𝐮𝐫𝐞  𝟏𝟔. Concentration profile for different values of Le. 

Figure 11 and 12 shows the influence of radiation parameter on the temperature profile 

and concentration profile, respectively. It can be seen that the temperature increases with the 

increase in the value of radiation parameters, whereas the opposite trend is seen in the case of 

nanoparticle concentration. That's because we're seeing the result of heat energy being released 
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into the fluid due to an increase in thermal radiation. Figures 13 and 14 depicted the impact of 

the Grashof number and modified Grashof number on the velocity profile. It is clear from the 

graph that the velocity profile increases with the increase in both parameters. As the Grashof 

number represents the ratio of buoyant force to viscous force, this makes sense. In physical 

terms, a high Grashof number indicates rapid fluid motion due to a large buoyant force. The 

impact of the changed Grashof number on the velocity profile may be understood similarly.  

Figure 15 illustrates how the chemical reaction parameter (𝛾) affected the concentration 

of nanoparticles. The graph clearly shows that fewer nanoparticles are present at the surface 

when we raise the reaction parameter. The fundamental cause is that when a chemical reaction 

parameter's value rises, so does the number of solute molecules engaged in the reaction. As a 

result, the concentration profile declines. Thus, using several chemical processes results in 

considerable depletion of the solutal boundary layer, which increases mass transport 

phenomena.  

Lastly, Figure 16 shows the concentration profile for the Lewis number (𝐿𝑒), and it can 

be seen that the concentration profile decreases gradually with the increase in Lewis number 

(𝐿𝑒). We know that the rate of mass transfer increases with the increase in Lewis number. As 

a result, the nanoparticle volume fraction decreases near the boundary as the value of the Lewis 

number increases.   

To verify the validity of our numerical technique, Table 1 compares our obtained 

findings qualitatively to those of earlier published studies. It can be seen that the results are in 

excellent agreement. 

𝐓𝐚𝐛𝐥𝐞 1. Comparison of the accuracy of the present results with the previous results of Bég et al. [43], 

 𝐾ℎ𝑎𝑛 𝑒𝑡 𝑎𝑙. [42] 𝑎𝑛𝑑 𝑅𝑎𝑜 𝑎𝑛𝑑 𝐷𝑒𝑘𝑎 [26] 
Increased 

Parameter 

𝐵é𝑔 𝑒𝑡 𝑎𝑙. [36]  𝐾ℎ𝑎𝑛 𝑒𝑡 𝑎𝑙. [19]  𝑅𝑎𝑜 𝑎𝑛𝑑 𝐷𝑒𝑘𝑎 [23] 𝑷𝒓𝒆𝒔𝒆𝒏𝒕 𝒔𝒕𝒖𝒅𝒚 

𝑈 �̅� 𝐶̅ 𝑈 �̅� 𝐶̅ 𝑈 �̅� 𝐶̅ 𝑼 �̅� �̅� 

𝑀       𝐷𝑒𝑐 𝐼𝑛𝑐  𝑫𝒆𝒄   

𝑁𝑡 𝐼𝑛𝑐 𝐼𝑛𝑐      𝐼𝑛𝑐 𝐼𝑛𝑐  𝑰𝒏𝒄 𝑰𝒏𝒄 

𝑁𝑏 𝐼𝑛𝑐 𝐼𝑛𝑐   𝐼𝑛𝑐 𝐷𝑒𝑐  𝐼𝑛𝑐 𝐷𝑒𝑐  𝑰𝒏𝒄 𝑫𝒆𝒄 

𝑃𝑟  𝐷𝑒𝑐   𝐷𝑒𝑐   𝐷𝑒𝑐 𝐷𝑒𝑐  𝑫𝒆𝒄  

𝑅 𝐷𝑒𝑐    𝐼𝑛𝑐 𝐷𝑒𝑐  𝐼𝑛𝑐   𝑰𝒏𝒄 𝑫𝒆𝒄 

𝐿𝑒      𝐷𝑒𝑐   𝐷𝑒𝑐   𝑫𝒆𝒄 

𝛾         𝐷𝑒𝑐   𝑫𝒆𝒄 

𝐺𝑟 𝐼𝑛𝑐      𝐼𝑛𝑐   𝑰𝒏𝒄   

𝐺𝑚 𝐼𝑛𝑐      𝐼𝑛𝑐   𝑰𝒏𝒄   

6. Conclusions 

The heat and mass transfer of the two-dimensional unsteady MHD flow of a Williamson 

nanofluid over a porous vertical moving cylinder is studied and analyzed in this article. An 

explicit finite difference scheme is utilized to solve the non-linear governing equations and 

obtain the numerical results. The findings are classified as below- 

In the boundary layer area, the nanofluid's velocity decreases when the magnetic 

parameter, Williamson parameter, and permeability parameter are increased, whereas the 

reverse trend is seen as the Grashof number and modified Grashof number are raised. 
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Increases in the thermophoresis, Brownian motion, and radiation parameters all lead to 

a higher temperature profile for the nanofluid, whereas increases in the Prandtl number have 

the opposite effect.  

The volume fraction of nanoparticles inside the boundary layer area rises as the 

thermophoretic effect grows but begins to decrease as the chemical reaction parameter, 

Brownian motion parameter, radiation parameter, and Lewis number increase in value.  

This research presents an efficient Williamson nanofluid model for heat and mass 

transmission, and so has applications in the industrial cooling industry and the nuclear reactor.  
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Nomenclature 

𝑡  time (s) 

𝑥, 𝑟  cylindrical coordinates tangential to the surface and along the radial direction, respectively (m) 

𝑋, 𝑅  dimensionless cylindrical coordinates along the surface and along the radial direction, 

respectively  

𝑢, 𝑣  velocity components along 𝑥-axis and 𝑟-axis respectively (m s-1) 

𝑈, 𝑉  dimensionless velocity components along 𝑥-axis and 𝑟-axis respectively  

�̅�  temperature (K) 

𝐶̅  nanoparticle concentration (mol L-1) 

𝑇  dimensionless temperature  

𝐶  dimensionless nanoparticle concentration  

𝐵𝑜  magnetic field strength (T) 

𝑆  Cauchy stress tensor 

𝑝  pressure 

𝐼  unit tensor 

𝐴1  Rivlin-Erickson tensor 

𝑔  acceleration due to gravity (m s-2) 

𝑘𝑜  porous term (m2) 

𝐶𝑝  specific heat at constant pressure (J kg-1 K-1) 

𝐷𝐵 , 𝐷𝑇  co-efficient of Brownian and thermophoretic diffusion, respectively (m2 s-1) 

𝑞𝑟  radiative heat flux  

𝑘∗  mean absorption coefficient 

𝐾1  reaction coefficient  

𝑀  magnetic parameter  

𝐺𝑟  Grashof number  

𝐺𝑚  modified Grashof number   

𝐾𝑝  permeability parameter  

𝐸𝑐  Eckert number   

𝑃𝑟  Prandtl number   

𝑅𝑑  Radiation parameter   

𝑁𝑏  Brownian motion parameter   

𝑁𝑡  thermophoresis parameter    

𝐿𝑒  Lewis number   
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Greek Symbols: 

𝜏  dimensional time variable   

𝜈  kinematic viscosity (m2 s-1) 

𝜏̅  extra stress tensor 

𝜇𝑜  limiting viscosity at zero stress rate 

𝜇∞  limiting viscosity at an infinite shear stress rate 

Γ  Williamson co-efficient 

𝜎𝑒  electrically conductivity (S m-1) 

𝜌  density (kg m-3) 

𝛽𝑡  coefficient of thermal expansion  

𝛽𝑐  co-efficient of concentration expansion  

𝜅  thermal conductivity of the fluid 

𝛼  thermal diffusivity (m2 s-1) 

𝜆  Williamson parameter 

𝜏∗  the ratio between the effective heat capacity of nanoparticles to the effective heat capacity of 

base fluid 

𝜎∗  Stefan-Boltzmann coefficient 

𝛾  chemical reaction parameter  

Suffix: 

𝑤  at wall 

∞  at free stream region." 
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