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Abstract: The reverse Sombor index is a natural variation of the recently introduced Sombor index, a
degree-based topological index found to have nice mathematical properties and very useful
applications. In this article, the associated matrix of the reverse Sombor index of a graph G, called the
reverse Sombor matrix R(G), is introduced. Also, some mathematical properties of this matrix and
bounds on its eigenvalues are presented and established. The reverse Sombor energy ER(G) of G, the
sum of the absolute values of the eigenvalues of R(G), is introduced, and certain bounds are established.
The chemical applicability of this parameter is discussed by comparing it with the rz-electron energy of
some polyaromatic hydrocarbons. Further, a computational analysis of the relation between the energy
and reverse Sombor energy of trees of order n = 8,9, ---,14 is presented.
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1. Introduction

A topological index/molecular descriptor is a graph invariant, which is very useful in
understanding the physical, chemical, and structural properties of chemical/molecular graphs.
Various topological indices are found in literature and are mainly categorized based on the
degree and distance in graphs. Very commonly, vertex-degree-based(VDB) topological indices
in the form

T1(G) = Luver) f(dW), d(w))(
have been studied, Zagreb index [1], Randic index [2], and harmonic index [3] being some of
them.

One of the recently introduced VDB indices, named the Sombor index [4], has found a
central place in literature, owing to some of its interesting mathematical properties and its
applicability to studying the chemical properties of molecular graphs. Different variations of
the Sombor index have since been proposed and studied [5-17].

As introduced by Gutman [18], a graph G's energy is equal to the total of the absolute
values of A(G), and is denoted E (G). It is worth noting that eigenvalues play a crucial role in
the fundamental understanding of graphs since they are intimately linked to nearly every
significant graph invariant, establishing a connection with each extreme property. Thus, graph
energy, though a particular form of matrix norm, has drawn the interest of both pure and applied
mathematicians. Spectral graph theory studies matrices associated with graphs, eigenvalues,
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and graph energies and plays an essential role in analyzing graph matrices using matrix theory
and linear algebra.

Different graph energies associated with topological indices have been introduced and
extensively studied in the literature. For related work and applications of graph energy, we cite
[19-25]. In particular, the Sombor energy ESO(G) [26], based on the Sombor index of a graph
G, is defined as the sum of the absolute values of the eigenvalues of the Sombor matrix.

In [17], Swamy et al. have introduced a variation of the Sombor index, namely the
reverse Sombor index of G, denoted RSO(G), and have studied some of its mathematical
properties.

In this article, we introduce the reverse Sombor matrix of a graph G, and based on its
eigenvalues, we define the reverse Sombor energy ER(G) of G. Further, we establish some
bounds on ER(G)for other graph invariants. Further, we study the correlation of the reverse
Sombor energy of some molecules containing hetero atoms with the respective m-electron
energy. Also, we make a computational analysis of the relation between the energy and reverse
Sombor energy of trees of specific order and present respective regularities.

2. Materials and Methods

Based on the dataset of all trees with n unlabeled nodes available in [27], the
computational analysis on the relation between the energy and reverse Sombor energy of all
trees of order n = 8,9,:--,14 is made using Microsoft Excel. In particular, the correlation
analysis between the m-electron energy and the reverse Sombor energy is made. Also, the
correlation between the graph energy and the reverse Sombor energy is computed, and the
corresponding analysis is made.

3. Preliminaries

We consider simple finite undirected graphs in this article. Given a graph G with vertex
set V(G) and edge set E(G), two vertices u, v € V(G) are said to be adjacent if they share a
common edge. The degree of a vertex u € V(G), denoted deg(u), or simply d(w), is the
number of vertices adjacent with u in G. A vertex u with degree zero is called an isolated
vertex, and that of degree one is called a pendant vertex. The maximum degree of any vertex
in G is denoted by A(G).

The Sombor index [4] of a graph G is defined as

S0(G) = ZuveE(G) \/d(u)z + d(v)z

The adjacency matrix of a graph G with V(G) = {v;, v,, -+, v, } is defined as A(G) =
1if vv; € E(G)
0 otherwise
The reverse Sombor index of G [17] is defined as

RSO(G) = Tuver(s) v c(w)? + c(v)?,
where c(u) = A(G) — d(u) + 1 is called the reverse vertex degree of u [29, 30].
The Sombor matrix [26] of a graph G with V(G) = {vy,v,, -, v,} is defined as

Aso(G) = ((asp)ij) wWhere,
(aso)ij = {\/d(vi)z + d(Uj)z lf vivj € E(G)

0 otherwise

(al-j) Where, a;j = {
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The total of the absolute values of the eigenvalues of Ag, (G) is the Sombor energy of
G..

4. Reverse the Sombor energy of a graph.

Definition 4.1 The reverse Sombor matrix of a graph G with V(G) = {vy, vy, -, v} IS

c(Vi)2 + C(V]-)Z if Vv € E(G)
0 otherwise
The reverse Sombor polynomial of G is defined as P (G) (1) = |AI — R(G)|with I being
the identity matrix of order n X n. It is to be observed that the eigenvalues of R(G) are all real
as it is symmetric. If A, > 4, > --- > A,, are the eigenvalues of R(G), then the reverse Sombor
energy of G is defined as ER(G) = Y7L, 14l

defined as R(G) = (ry;) where, ry; = {\/

n—-1) 1
Observation 4.3 For the totally disconnected graph K,,, spec(R(K,)) = (g)

Observation 4.2 For the complete graph K,,, spec(R(K,)) = <_\/§ (n — 1)\5).

Observation 4.4 For the graph G = ~K,, spec(R(G)) = (n/Z n/2/)

Lemma 4.5 [29] If A and B are square matrices of order n, then

2 A(A+B) < 2 A(A) + Z A:(B)

1<i<n 1<is<n 1<isn

where };(M;) corresponds to the ith eigenvalue of Mj,j = 1,2 with & = Ajyq.
Theorem 4.6 For a path P, of order n > 4,

ER(P,) <2 2csc(nil) sin %

+2(2V5 - 3v2).

Proof. It is easy to observe that, for n > 4,

0 V5 0 0 0
V5 0 V2 0 0
R(Pn):o\/ioﬁ 0
0 0 2 o 0
S S R S [
0 0 0 0 +5 0
0100 - 0 0100 0
1010-0\ 10 0 0 0
0101 - 0 0000 0
_\/20010-0 Hﬁ_ﬁ)oooo 0
\ss=s 1/ \ 1/
000 O0T1 0 000 0T1 O
=2A(P,) +B
where
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010 0 0

100 0 0

00 0 0 0

B:(‘/g_ﬁ)oooo 0
:535'-.1/

00001 0

has the spectrum
so that E(B) = 4(V5 — v2).
Thus, by Lemma 4.5, we have
ER(P,) < V2E(P,) + E(B)

15! .
=2 42 cos (nn+11) + 4(\/5 - \/E)

=2 2CSC(nT[ )sin w -2 |+4(5-v2)

1 2(n+ 1)
212 +1
=2 chc(nil)sin (Zlérlezﬁ +2(2v5 - 3v2)

Theorem 4.7 Let G = (V, E) be a graph with
Prso(G) =AM+, A"+ ¢
Being the characteristic polynomial of R(G). Then
()1 =0,
(i) c; = —=RF(G),

(ii) c3 = =2 YA [luvera) v/ cd + c& where the summation is taken over all cycles A of
length 3in G.

Proof. Since each coefficient ¢;,i = 1,2,+++,n, (—1)c; corresponds to the sum of all the
principal minors of Agrgo(G) with i rows and i columns, we have the following:

(i) ¢, = 0 as all the principal diagonal elements of R(G) are zero.
Ijj

(if)c, = lei<j5n rj 0 = _lei<j5n I'izj = _lei<jsn (C(Vi)z + C(Vj)z) =

—RF(G)
(iii)

1<i<j<k=n
= -2 Z TjiTjklik = —ZZ | | \/c(vi)z + c(vj)=.
1<i<j<ksn A vivi€EE(A)
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Lemma 4.8 [Newton’s identity] Given an n X n matrix A, the coefficient c5 in the
expansion of Al — A| = A" 4+ ¢, A"t + -+ + ¢, is given by

c3 = %(—(tr(A))3 + 3tr(A)tr(A?) — 2tr(A%))

where tr(A) is the trace of A.

We have the following result as a direct consequence of Theorem 4.7 and Lemma 4.8.

Theorem 4.9 Let R(G) be the reverse Sombor matrix of G with eigenvaluesA; > A, >
-+ > A,. Then,

HXA=0,

(i) ¥ Af = 2RF(G),

() £ 3F = 6 s Tyyesa) [c0)? + c(v)”

Theorem 4.9 can be generalized as follows.
Lemma 4.10 Let p be the length of the smallest odd cycle contained in G and Zcp

denote the summation over all cycles of size p contained in G. Then, forq = 1,3,--:,p — 2,
()X, A =0,

() 31 2§ = 20 X, Tuwyesccy) (V)2 + ()%

5. Bounds for reverse Sombor energy

In this section, we have obtained some bounds on the ER(G) reverse Sombor energy..
Lemma 5.1 [DiazadMetcalf Inequality] Let (a;,ay,...,a,) and (bq, b, ...,b,) be
positive real numbers, satisfying the condition ra; < b; < Ra; for 1 <i < n. Then

n n n
Z b? +rRZ a? < (r+ R)Z ajb;.
i=1 i=1 i=1

In the above expression, equality holds if and only if b; = Ra; orb; = ra; for 1 <i <

Lemmab5.2[31] Leta; < a, < -+ < a, < 0isa sequence of non-negative real numbers.
Then

1

2a1+n(n—1)<n ai> Sn(é ﬁ) S(n—l); ai+n<n ai>.

i=1 i=1 i=1
Lemma 5.3If a; and b; are non-negative real numbers for 1 < i < n, then
2

(Zn: aiz) (i b12> - (Zn: aibi> < HZZ(AB — ab)?,

where A = maxa;, B = maxb;, a = minajand b = minb;.
1=<is=n 1<isn 1<isn 1<isn

Lemma 5.4 [Polya-Szego inequality] Suppose a; and b; are positive real numbers for
i=12,..,m,suchthata <a; <Aandb < b; < B. Then,

m m 2 m 2

b2 z 2 ~ 1 ﬁ + ﬂ Z b
L0203 =g Jap T (aB | (LA
i=1 i=1 i=1
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5.1.Lower bounds for the Sombor energy.

Theorem 5.5 Let G be any graph of order n and let @ be the absolute value of the
determinant of reverse Sombor matrix R(G), then

JZRF(G) +n(n— 1)dr < ER(G).
Proof.

[ER(G)) = (Z % |) Z 2407+ D 141 = 2RE@) + )[4 12]

l-‘#] li]
Clearly we have,

s Wi = [ | Gy -

1#] i#j

SN

- Cbnz 1] = n(n — 1)dn

i#j

i

so that

2
\/ZRF(G) +n(n—1)on < ER(G).
Theorem 5.6 Let G be a graph with order n. Then

\/ZnRF(G) —nzz(xl — A2 < ER(G).

Proof. Setting a; = |A],b; =1, A=2A;,B=1,a=A,,andb =1 inLemma4.3.
n n n 2
Il
(Z |Ai|2> (Z 1) (Z It |> <= O = A2
i=1 i=1 i=1
so that
2

2nRF(G) — ER(G)? < nz Oy =A%

After rearranging the terms, we get the required result.
2RF(G)+n|Aq [|Aq]
[An|+[A1]
and |A, | are the maximum and minimum of the absolute value of eigenvalues of R(G). Equality

will be attained if and only if for each 1 < i < n, either [A;| = |A{] or |A;] = |A4]-
Proof. Substltutlng b; = |Ajl, a; = 1, r = |A,| and R = |A;| in Lemma 5.1, we have

Theorem 5.7 Let G be a graph of order n. Then, < ER(G)where |A,|

Z A + ”MZ 1< (Wl + PaDER(G)

so that
2RF(G) + n|A{||A,]
A1 ] + [An]

< ER(G)

5.2.Upper bounds for Sombor energy.

Theorem 5.8 If G is a graph of order n, then ER(G) < ,/2nRF(G).
Proof. Put a; = 1 and b; = || in Cauchy-Schwarz inequality, we get
n

[ER(G)]? < nz I\ = 2nRF(G)
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Simplifying the above equation, we get the required result.
Theorem 5.9 Let G be a non-trivial graph. Then,

Tr(R(G)2)?

ER®) = | R

Proof. Taking a; = |A;|?/3, b; = |A]*3, p = z and q = 3 in the Holder inequality

n n % n é
z a;b; < ( af’) ( b?) )
i=1 i=1 i=1
n n 5 1 n n %
D= R < ( w) (Z w)
i=1 i=1 i=1 i=
3
R(G) = ( o 2 ) _ /Tr(ﬂe(@?i
@, l9s/ N TTEROD
Theorem 5.10 Let G be a graph with order n. Then,

\/ZRF(G) +n(n - 1)dn

n

winN

or

2
2(n — 1)RF(G) + n®n
= :

< ER(G) < \/

Proof. Setting a; = AZ in Lemma 4.2, we get

1

Z 7\2+n(n—1)(1_[ }\2) <n<§n: |?\i|)2 < (n—l)zn: Aiz+n<ﬁ )xf)a

i=1 i=1
so that

2 2
2RF(G) + n(n — 1)®n < n€R(G)? < 2(n — 1)RF(G) + ndn.
On simplifying, we arrive at the result.
Theorem 5.11 Let G be a graph of order n. Then

nRF(G)<— j:+j; ER(G)?.

Proof. Setting a; = |A;| and b; = 1 in Lemma 4.4, we get

n n 2 n 2
zlz A 2<1 AB+ ab z A
21 i<zl [+ 5] (2wl
i=1 i=1 =1

Clearly, A, < A; < A,.Choosing A =2,,a=2A,,and B=b =1, we have

nRF(G)<— \P+ \/; ER(G)2.

6. Chemical applicability of ER(G)

In this section, we make a computational analysis of the reverse Sombor energy ER(G)
and m-electron energy of hetero atoms. Further, we compare the graph energy E(G)) with
ER(G) taking graphs G to be trees with fixed order n = 8,9, ---,14, which is very relevant as a
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study of correlation within classes of graphs with fixed order and size provides a better
understanding of the invariant.

6.1.Correlation analysis of -electron energy with ER(G).

The Hickel molecular orbital(HOM) theory is largely concentrated on conjugated, all-
carbon compounds. When considering hetero atoms, one can compare the energy values of
hetero compounds to determine the range of such compounds. For hetero atoms, we must thus
modify the Coulomb (a) and resonance integral (B) values (see [32, 33, 34] for specifics). We
have calculated ER(G) with a dataset of total z-electron energy values of hetero atoms, which
are found in [35]. The molecules containing hetero atoms with the total m-electron energy and
the reverse Sombor energy have been tabulated in Table 1. Further, we have found that ER(G)
has a strong correlation with that of hetero atoms with correlation coefficient r = 0.964 and
r2(adjusted) = 0.930 (see Figure 1).

y=2.509x-4.857
60 -+ R*=10.930

50 -

40 -

ERSO

30 A

20

10 -

0 5 10 15 20 25 30
Pi-electron energy

Figure 1. Correlation of ER(6) with the total m-electron energy of molecules containing hetero atoms.

Table 1. Molecules containing hetero atoms with total w-electron energy [35] and the reverse Sombor energy.

Molecule Code Total m-electron energy| ER(G)
Vinyl chloride-like systems H1 2.23 6.32
Butadiene perturbed at C2 H2 5.66 9.3
Acrolein like systems H3 5.76 9.38
1, 1-Dichloro-ethylene like systems H4 6.96 10.95
Glyoxal-like and 1,2-Dichloro-ethylene systems H5 6.82 9.38
Pyrrole like systems H6 5.23 9.15
Pyridine like systems H7 6.69 11.31
Pyridazine like systems H8 9.06 11.31
Pyrimidine like systems H9 9.10 11.31
Pyrazine like systems H10 9.07 11.31
S-Triazene like systems H11l 9.65 11.31
Aniline like systems H12 8.19 23.98
O-Phenylene-diamine like systems H13 12.21 27.23
m-Phenylene-diamine like systems H14 12.22 25.27
p-Phenylene-diamine like systems H15 12.21 27.23
Benzaldehyde like systems H16 11 29.02
Quinoline like systems H17 14.23 34.64
Iso-quinoline like systems H18 14.23 34.64
1-Naphthalein like systems H19 16.15 36.37
2-Naphthalein like systems H20 16.12 36.17
Iso-indole like systems H21 13.46 30.45
Indole like systems H22 13.59 30.45
Benzylidine-aniline-like systems H23 20.10 49.55
Azobenzene like systems H24 21.02 49.55

https://biointerfaceresearch.com/ 8of 12


https://doi.org/10.33263/BRIAC143.061
https://biointerfaceresearch.com/

https://doi.org/10.33263/BRIAC143.061

Molecule Code Total -electron energy| ER(G)

Acridine like systems H25 20.56 46.58
Phenazine like systems H26 21.62 46.58
9,10-Anthraquinoline like structures H27 24.23 52.45
Cabazole like structures H28 19.39 42.52

6.2.Comparing E(G) and ER(G)of trees.

The correlation analysis of E(G) and ER(G) has been done, taking graphs G to be trees with
fixed order n = 8,9, ...,14. Based on these calculations and from Figure 2 we have observed the
following regularities without any exception:

e The data points in each cluster nearly form a straight line with a positive slope.
e These lines are almost parallel to each other, with the distance between them being nearly
equal.
e The reverse Sombor energy and graph energy increases as the order of the tree increases.
e ER(G) is observed to be minimum for path graphs.
The correlation coefficient R between the graph energy and ER energy for all trees of
order n = 8,9, ...,14 has been tabulated in Table 2.

Table 2.Correlation between graph energy and ER energy for all trees of order n = 8,9,10, ...,14.

n Number of trees R
8 23 -0.479059835
9 47 -0.490346429
10 106 -0.50306039
11 235 -0.514487292
12 551 -0.525680684
13 1301 -0.530061711
14 3160 -0.5344958
50 70
45 '
40 N % ¢
35 ) e 50 ‘e 2
0 o . * . ra
% P a0 L
0 0 . ”
. L4
15 0 .
10
5 10
0 0
? ! ! § f 1 0 2 4 6 8 10 1
(@) (b)
80 00
70 . . . a0 . .
60 ‘s 4 * , F
50 ‘ e / P . : ry s ‘
a0 7 w“ r 4 '
”° s
30 * 40 ” -~
20 . 30 -
10 20 -
0 10
0 2 4 6 8 10 12 14 ° . ) : . . - " "
(©) (d)
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(9)

Figure 2. ER(G) vs E(G) plotted for the set of trees.

(a) ER(G) vs E(G) plotted for the set of trees with 8 vertices; (b) ER(G) vs energy
E(G) plotted for the set of trees with 9 vertices; (C)ER(G) vs energy E (G) plotted for
the set of trees with 10 vertices; (d)ER(G) vs energy E(G) plotted for the set of trees
with 11 vertices; (e)ER(G) vs that of energy E(G) plotted for the set of trees with 12
vertices; (f)ER(G) vs that of energy E (G) plotted for the set of trees with 13 vertices;

(9)ER(G) vs energy E(G) plotted for the set of trees with 14 vertices.

7. Conclusions

In this article, we have introduced the concept of reverse Sombor energy of a graph
based on the reverse Sombor index of a graph. Further, we have observed some mathematical
properties of the reverse Sombor matrix and the corresponding energy ER(G) and have
established some bounds on ER(G). We have also discussed the chemical applicability of this
parameter by comparing it with the m-electron energy of some polyaromatic hydrocarbons and
with the graph energy of trees of order n = 8,9, ---,14 is presented. Based on the analysis, it
has been found that there is a good correlation between ER(G) and rr-electron energy, whereas
the correlation between ER(G) and E(G) on trees is found to be increasing with the order of
the tree. These observations are purely experimental, and further theoretical investigation might
shed some light on this behavior.
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