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Abstract: Analytical forms of multidimensional systems of mathematical transformation equations into 

uncorrelated form are obtained with their simultaneous solution for equivalent ellipse radii of 

distributions R0 and R1, as well as probability densities p0 and p1 with the detection of colloidal silver 

nanoparticles at a concentration of 5% on polyester fibers with multidimensional correlation statistical 

data of Raman polarization spectra. Analytical forms prove the identification of equations of equivalent 

radii of ellipses of data spreads when converting them into an uncorrelated form due to the absence of 

these equations of radii of the mean term, which is present in equations with correlation. The Bayes 

hypothesis on multiplying non-correlative multidimensional statistical polarization data obtained by 

transformation in the X and Y directions is used. For a 5% concentration of colloidal silver, the 

resolution of the identification of silver nanoparticles was obtained by the probability densities of the 

intersection of the distribution ellipses p0 and p1 up to 10-1-10-64, and by the equivalent radii of the 

distribution ellipses R0 and R1 up to 0.0304-4.344. 
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1. Introduction 

To ensure the possibilities of nano, pico, and molecular biotechnology research, 

accuracy and resolution in the range of 10-9-10-16 of technical devices and mathematical 

processing models with an estimate of the probability densities of the intersection of the a priori 

(initial) and aposteriori (after the experiment) experimental data are necessary [1]. 

In [2,3], a possible amplification of signals using Raman spectroscopy up to 107 using 

graphene [4-8] and silicon surface vertical nanofibers with a combination of various metal 

nanoparticles Ag, Au, Cu [9,10] using plasmon effects was revealed. An additional increase in 

signal amplification up to 1010 is possible due to the deposition of graphene or graphene oxide 

on the surface of metal nanoparticles [11-15]. 

The most promising method of increasing the resolution is the use of interdependencies 

(correlations) between multidimensional parameters when processing a large number of 

statistical data of Raman spectroscopy [16-25]. It is necessary to pay attention to the fact that 
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there are no independent (uncorrelated) multidimensional parameters in nature,   which cannot 

be neglected. Otherwise, you may lose the credibility of the research. 

The use of correlation multidimensional interdependencies in the work [26] revealed 

the possibility of constructing mathematical models and solving the problem while obtaining 

accuracy up to 10-16-10-18. But with such high accuracy of solutions of systems of 

multidimensional equations, the resolution is provided only in the range of 10-1-10-7 and is in 

sufficient to identify nanoparticles with the required resolution of 10-16 comparable to the 

currently obtained accuracy in solving multidimensional correlation mathematical equations. 

In the studies of [27], a resolution was obtained for one maximum peak of 10-26 in the 

X, and Y directions. For 9 such peaks, a resolution of up to 10-547 was revealed at a high 

concentration of nanosilver of 17%. However, it is necessary to confirm the resolution on 

experimental data with a lower concentration of colloidal silver, for example, 5%,    following 

the objectives of this work [27,28]. In addition, it is necessary to prove and show by examples 

the transformation into an uncorrelated form by the analytical form of the equations of ellipses 

and multidimensional ellipsoids according to the analytical form of multidimensional statistical 

data with probabilistic multiplication. 

The problems posed in this case are that the compilation and solution of systems of 

correlation equations require a large number of equations in the system, for example, up to 81. 

Such a large number of equations is necessary to account for all significant 9 peaks of the 

Raman spectrum in two directions: across X and along Y of the object of study. Drawing up 

and solving many correlation equations in a system at this technical level is impossible, even 

with artificial intelligence. A simplified compilation and solution of the system of these 

equations does not provide the required reliability. 

Applying the Bayes hypothesis on the multiplication of interdependent (correlation) 

probabilities Pi/Pic, it is possible to obtain the total probability P0 = ∏Pi/Pic of the occurrence of 

events [29,30]. 

However, obtaining interdependent probabilities for many parameters is almost 

impossible, and it is also challenging to compose and solve a multidimensional system of up 

to 81 equations. In [26-28], solutions were obtained only for two-dimensional correlation 

mathematical models and in [31] for three-dimensional ones. 

Therefore, to apply the Bayes hypothesis to a large number of parameters, it is 

necessary to mathematically transform all interdependent (correlation) parameters into an 

independent (non-correlation) form, and then you can use the Bayes hypothesis for independent 

probabilities Pi to calculate the total probability of occurrence of independent events P0=∏Pi. 

Research in [26] aims to solve the problem of converting dependent (correlation) data 

into an independent form and vice versa from independent data into a dependent form. In these 

studies, the mathematical, analytical transformation into an independent form is performed 

simultaneously with solving a system of multidimensional correlation equations for a 5% 

concentration of colloidal silver. 

2. Materials and Methods 

Textile nanomodified materials, namely polyester fibers, were selected for the study. 

The results of studies on nanoparticles' effect on textile materials' properties are reflected in 

[32-36]. Within the framework of this scientific work, analytical methods of mathematical 

transformation of correlated data into uncorrelated Raman spectra of polyester fibers are 

proposed. 
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In general, the analytical equation of an ellipse with dependent (correlation) statistical 

data when converting the vector-matrix shape of an ellipse used in[28-30] will look like: 

→
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-correlation matrix of the data of the ellipse of the spread of the 

values of the peaks of the Raman spectrum 

Thus, by expression 1, the classical analytical form of the equivalent ellipse radius with 

correlation rXY0i,j in the middle term of the equation and the general term1/[1-(rXY0i,j)2] is 

obtained. The accuracy of solving nonlinear equations, in this case for fibers without 

nanoparticles and with silver nanoparticles, is: 

f(v0,v1)=-3.1029760605846133×10-16, g(v0,v1)=1.6736919950142115×10-18. 

The equivalent radii of the ellipses in the solution have the following values: 

R0=0.2176497094749659, R1=0.2176497094749652. 

The probability density of the intersection of ellipses of data spreads is estimated when 

solving: 

pQ0=0.2708650380340899, pQ1=0.27086503803409023. 

To transform this form into a non-correlative form, it is necessary to find the 

eigenvalues (values) of the correlation matrix ∑0: the basis of the transformation is to obtain 

from the correlation matrix rXY a diagonal matrix of eigenvalues λ0=eigenvals (rXY) [20]. 

Finding the diagonal matrix of the eigenvalues of the correlation matrix is 

mathematically worked out in [29]. For example, for two-dimensional data for the correlation 

dependence on X and Y, when solving a specific problem of converting Raman spectra in the 

MathCAD program, we obtain: 

1. Drawing up a matrix for the equation of transformation of correlation eigenvalues 

into non-correlation ones 

Given 

0
010rXY

0rXY01

j,i

j,i
=















−

−

(2)

 

2. Solution of the equation of transformation of correlative eigenvalues into non-

correlative ones 

( )j,ij,i 0rXY110rXY)0(Find −+→
(3)

 

3. Construction of a matrix of transformation of correlation eigenvalues into non-

correlation ones for the simultaneous solution of a system of the intersection of ellipses without 

nanoparticles and with nanoparticles without correlation rXY0i,j, but with conversion 

coefficients 1/(1-rXY0i,j)and1/(1+rXY0i,j) 
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4. Construction of a matrix for converting correlative eigenvalues into non-correlative 

ones with conversion coefficients: 1/(1+rXY0i,j),1/(1-rXY0i,j) 
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Then, the transformation of mathematical models with silver nanoparticles and without 

nanoparticles into an uncorrelated form with simultaneous solution of a system of equations 

with uncorrelated matrices will have the following form: 
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Here, by expression (4), the classical analytical form of the equivalent ellipse radius 

without the middle term (3) and, accordingly, without correlation rXY0i,j, but with conversion 

coefficients 1/(1-rXY0i,j) and 1/(1+rXY0i,j) for fibers without nanoparticles is obtained. 

It is also possible to obtain a classical analytical form of the equivalent ellipse radius 

without correlation rXY1i,j, but with conversion coefficients 1/(1-rXY1i,j) and 1/(1+rXY1i,j) for 

fibers with nanoparticles: 
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The solution of the system of equations (6) and (7) gives the result: 

f(v0,v1)=1.6718992973977542×10-15, g(v0,v1)=-1.73214850592841580×10-20; 

R0=0.518568257415189, R1=0.5185682574151874; 

pQ0=0.21774290198552754, pQ1=0.21774290198552784. 

From the results of this solution, it can be seen that in comparison with the unformulated 

data (1), the accuracy of the solution increases, the radii of the ellipses increase by 2.5 times, 

and the probability densities of the intersection of the ellipses decrease. 

An  exciting variant of solving the system of equations (6) and (7) when bound to the 

axis MENY0j=0– –MENY1j=0 gives the following equations: 
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Expressions (8) and (9) are algebraic expressions of the equivalent radius of the data 

scattering ellipse for fibers without nanoparticles and with silver nanoparticles, respectively. 

The result of solving a system of equations based on (8) and (9) is shown below: 

f(v0,v1)=8.820317448412741×10-16, g(v0,v1)=0.00000000000000000×100; 

R0=0.5146078013008942, R1=0.5146078013008935; 

pQ0=0.2510348938835279, pQ1=0.2510348938835278. 

The variant of solving the system of equations (8) and (9) concerning the axis 

MENY0j=0– –MENY1j=0 has a worse result compared to the variant (7) concerning the axis 

MENY0j– –MENY1j. 

The graphic image must also assess the reliability of the intersection of the ellipses of 

the distribution of the Raman spectra of polyester fibers with silver nanoparticles and without 

nanoparticles. Graphically, this solution is shown in Figure 1. 
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                                                    (a)                                                                 (b) 

Figure1. Validation by graphical representation of the intersection of ellipses of the distribution of Raman 

spectra of polyester fibers with silver nanoparticles and without nanoparticles: (a) graphical representation of 

the intersection of data distribution ellipses concerning the axis MENY0j– –MENY1j; (b) image of ellipses 

concerning the axis MENY0j=0–-–MENY1j=0. 

It is also necessary to check the solution of the system of equations when using 

conversion coefficients in an uncorrelated form. The analytical form of the ellipses of the data 

spreads of Raman spectra of polyester fibers with conversion coefficients 1/(1+rXY0i,j), 1/(1-

rXY0i,j), 1/(1+rXY1i,j) and 1/(1-rXY1i,j)will have the form: 

-without nanoparticles 
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-with silver nanoparticles 
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The solution of the system of equations (8) and (9) gives the results: 

f(v0,v1)=1.3974132254583065×10-15, g(v0,v1)=5.26933565110835500×10-20; 

R0=0.2906458829594823, R1=0.2906458829594799; 

pQ0=0.26423016769209184, pQ1=0.2642301676920919, 

which is the worst so far, both in accuracy and resolution. 

It is also necessary to solve the system of equations using the conversion coefficients 

in an uncorrelated form: 1/(1-rXY0i,j), 1/(1-rXY0i,j), 1/(1-rXY1i,j) and 1/(1-rXY1i,j). At the 

same time, the analytical form of the ellipses of the scatter data of the Raman spectra of 

polyester fibers will be as follows: 

-without nanoparticles 
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-with silver nanoparticles 
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The solution of the system of equations (12) and (13) gives the results: 

f(v0,v1)=-1.7689036243683098×10-15, g(v0,v1)=-2.80494816061533260×10-20; 
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R0=0.5535352710448955, R1=0.5535352710448971; 

pQ0=0.7926131304595755, pQ1=0.7926131304595752, 

which is the worst so far both in accuracy and resolution for p0 and p1. 

 Finally, it is necessary to solve the system of equations using the conversion 

coefficients in an uncorrelated form: 1/(1+rXY0i,j), 1/(1+rXY0i,j), 1/(1+rXY1i,j) and 

1/(1+rXY1i,j). The analytical view of the ellipses of the data spreads of the Raman spectra of 

polyester fibers in this case: 

-without nanoparticles 
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-with silver nanoparticles 
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The solution of the system of equations (14) and (15) gives the results: 

f(v0,v1)=-8.749870943297418×10-17, g(v0,v1)=-2.18263842823098340×10-21; 

R0=0.16777092273133723, R1=0.1677709227313375; 

pQ0=0.08556173556873917, pQ1=0.08556173556873917, 

which is the worst in both accuracy and resolution for R0 and R1. 

It is also necessary to confirm the intersections of the distribution ellipses of the Raman 

spectra of polyester fibers with silver nanoparticles and without nanoparticles with the initial 

experimental correlated data with the results already obtained for (6) and (7). At the same time, 

the compilation and solution of a system of nonlinear non-correlation equations in analytical 

form with conversion coefficients correlated to uncorrelated data for a 5% nanosilver 

concentration with conversion coefficients 1/(1-rXY0i,j), 1/(1+rXY0i,j), 1/(1-rXY1i,j) and 

1/(1+rXY1i,j) in the MathCAD program will have the form: 
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x:=410   y:=3025 

Given 
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f(x,y) = 0 

g(x,y) = 0 

v:= Find(x,y)         







=

747936.3023

616185.408
v  

f(v0,v1)=1.6718992973977542×10-15             g(v0,v1)=-1.73214850592841580×10-20 

( )

( ) ( )

( )
( ) ( )2jj,i

2

j1

2

ij,i

2

i0

0Y0rXY1

0MENYv

0X0rXY1

0MENXv
:0R

+

−
+

−

−
= .(18) 

( )

( ) ( )

( )
( ) ( )2jj,i

2

j1

2

ij,i

2

i0

1Y1rXY1

1MENYv

1X1rXY1

1MENXv
:1R

+

−
+

−

−
= .(19) 

R0=0.268913 151895185682574.00R =  

R1=0.268913 1518745185682574.01R =  

The evaluation of the reliability of the results of the compilation and solution of 

nonlinear non-correlation equations in an analytical form is shown by expressions (16-19), and 

graphical confirmation is presented in Fig.1a. Here, the graphical representation of the 

intersection of the distribution ellipses of the Raman spectra of polyester fibers with silver 

nanoparticles and without nanoparticles is also evaluated using the initial experimental 

correlated data. 

3. Results and Discussion 

Solutions of 81 equations of the problem under study for peaks from i=0...8 to j=0...8 

mathematically transformed uncorrelated statistical data of Raman spectra of polyester fiber 

with a concentration of silver nanoparticles of 5% are shown in Fig. 2 and 3: 

 

  
Figure 2. Matrix of equivalent intersection radii of ellipses of the distribution of Raman spectra of polyester 

fibers with a concentration of 5% silver nanoparticles detected by statistical data converted to uncorrelated form. 

4. Conclusions 

In studies, the obtained analytical forms prove the identification of equations of 

equivalent radii of ellipses of data spreads without correlation in these equations of radii of the 

absence of the mean term, which is present in equations with correlation. This is the proof of 

the correctness of the transformation of correlation statistical data into an uncorrelated form 

while simultaneously solving a system of equations. 
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The mathematical method of converting correlation statistical data into uncorrelated 

form while simultaneously solving a system of equations of multidimensional Raman spectra 

of polyester fibers without nanoparticles and with silver nanoparticles allows increasing the 

sensitivity of identification of silver nanoparticles up to 1064 times and, consequently, 

increasing the resolution of the method for 5% concentration of silver nanoparticles. 

 

 

 

Figure 3. Matrix of confidence in the intersection of ellipses of the distribution of Raman spectra of polyester 

fibers with a concentration of 5% silver nanoparticles and without nanoparticles. 

The equivalent radii of the intersection of the ellipses of the distribution of the Raman 

spectra of polyester fibers are shown in Figure 4.                                      : 

 
Figure 4. Equivalent radii of the intersection of ellipses of the distribution of Raman spectra of polyester fibers 

with a concentration of 5% silver nanoparticles in columns j=0-8 of the data matrix R. 

The developed method uses the possibilities of applying the Bayes hypothesis when 

multiplying probability densities at the intersection of the ellipses of the distribution of the 

values of the peaks of the Raman spectra of polyester with silver nanoparticles and without 

nanoparticles for transformed uncorrelated data. The translation of correlated statistical data 

into an uncorrelated form is carried out from the diagonal matrices by the eigenvalues 

(numbers) of correlation matrices used simultaneously to compile and solve systems of 

equations. 

As a result of the research, we obtained a classical analytical form of the equivalent 

ellipse radius with correlation rXY0i,j in the middle term of the equation and  the general term 

1/[1-(rXY0i,j)2]. 

The accuracy of solving nonlinear equations for fibers without nanoparticles and with 

silver nanoparticlesis: f(v0,v1) = -3.1029760605846133×10-16, g(v0,v1) = 

1.6736919950142115×10-18. 
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The equivalent radii of the ellipses in the solution have the values: 

R0=0.2176497094749659, R1=0.2176497094749652. 

The probability density of the intersection of the ellipses of the data spreads is estimated 

in the solution: pQ0=0.2708650380340899, pQ1=0.27086503803409023. 

The solution of a system of equations with an analytical transformation into an 

uncorrelated form with conversion coefficients of the system of equations 1/(1-rXY0i,j), 

1/(1+rXY0i,j), 1/(1-rXY1i,j) and 1/(1+rXY1i,j) gives the result: 

f(v0,v1)=1.6718992973977542×10-15, g(v0,v1)=-1.73214850592841580×10-20; 

R0=0.518568257415189, R1=0.5185682574151874; 

pQ0=0.21774290198552754, pQ1=0.21774290198552784. 

From the results of this solution, it can be seen in comparison with the uneducated data 

that the accuracy of the solution increases, the radii of the ellipses increase by 2.5 times, and 

the probability densities of the intersection of the ellipses decrease. 

A system of equations has also been compiled and solved for the mathematical, 

analytical transformation of two–dimensional dependent (correlation) data into non–

correlation data for fibers with and without nanoparticles concerning the axis MENY0j=0- -

MENY1j=0 ellipses of distributions. The results of solving a system of equations when attached 

to the axis MENY0j=0 – – MENY1j=0 have a worse outcome than the option without binding. 

The compilation and solution of systems of equations with analytical transformation 

into uncorrelated form in different combinations with conversion coefficients: 1/(1-rXY0i,j) 

and 1/(1-rXY1i,j), as well as with conversion coefficients 1/(1+rXY0i,j) and 1/(1+rXY1i,j). 

These results give the worst and most ambiguous values so far. 

A matrix of all 81 Q-factor values Q and log Q was also obtained and investigated. 

Since when multiplying all the independent terms of the matrix Q, we get 1064.1, i.e., within the 

computational capabilities of a conventional computer, we can use multiplication of all the 

values of the terms of the matrix Q. And in the case of the log Q matrix, the addition of all the 

values of the terms is performed, and the sum value of 64.1 is obtained. For one member of 

this matrix, we get an average value of 0.791 or 100.791=6.1802. 

For further research, it is necessary to compile and solve a system of equations for 

converting correlated data into uncorrelated ones for 11% of the concentration of deposited 

colloidal silver when compared with 5% and 17% of the already proven research method in 

this work. 
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