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Abstract: This study explores the impact of thermal stratification on the magnetohydrodynamic flow of
ethylene glycol and water-based nano, hybrid, and ternary hybrid nanofluids past a vertically stretching
cylinder beneath a porous medium. Composed of silver (Ag), cobalt ferrite (CoFe2Q4), and zinc oxide
(ZnO) nanoparticles suspended in a mixture of ethylene glycol (C,HsO,) and water (H.O), the ternary
hybrid nanofluid is examined. The governing boundary layer equations are transformed into nonlinear
ordinary differential equations using similarity variables and solved using the 3-stage Lobatto I11a method
via the bvp4c solver in MATLAB. The study assesses the effects of dimensionless parameters such as
prandtl number, heat source/sink, magnetic, porosity, curvature, thermal stratification, and thermal
buoyancy on velocity and temperature profiles, skin friction coefficient, and local Nusselt number.
Results indicate that velocity decreases with increases in 6, M, and K and increases with . Temperature
decreases with increases in & and Pr, yet rises with Q. Skin friction is boosted by A and Q but reduced by
3, M, K, Pr, and vy. The local Nusselt number increases with A, Pr, and vy, but decreases with 6, M, K, and
Q. The ternary hybrid nanofluid displays enhanced heat transfer rates and greater absolute skin friction
compared to both hybrid and conventional nanofluids, highlighting the significant influence of thermal
stratification on MHD ternary hybrid nanofluid flow.
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1. Introduction

Ternary hybrid nanofluids are specialized fluids comprising three distinct types of
nanoparticles dispersed within a base fluid. This paper presents a numerical investigation into an
MHD ternary hybrid nanofluid comprised of silver (Ag), cobalt ferrite (CoFe204), and zinc oxide
(Zn0O) nanoparticles, which are evenly distributed in a blend of ethylene glycol (C2HsO2) and
water (H20). This ternary hybrid nanofluid possesses unique properties that render it appropriate
for various uses. The inclusion of silver (Ag) nanoparticles in the nanofluid has been
demonstrated to improve thermal conductivity, while the inclusion of cobalt ferrite (CoFe204)
and zinc oxide (ZnO) nanoparticles enhances heat transfer effectiveness and stability. This
nanofluid can be used in multiple areas, including heat exchangers, cooling systems, and
electronic devices, with the aim of enhancing heat dissipation and improving thermal
https://biointerfaceresearch.com/ 10f12
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management. Silver nanoparticles exhibit antibacterial properties, while ZnO nanoparticles
exhibit photocatalytic action against bacteria. The use of the ternary hybrid nanofluid,
comprising Ag—CoFe204—2Zn0, presents a promising approach for developing antimicrobial
coatings on different surfaces, such as medical devices, fabrics, and food containers. These
coatings successfully inhibit bacterial growth and help in preserving cleanliness. Zinc oxide
(ZnO) nanoparticles have photocatalytic properties, enabling the degradation of organic
pollutants and the purification of water. The utilization of the Ag—CoFe204—2Zn0 ternary hybrid
nanofluid shows potential in thermal conductivity, heat transfer effectiveness, antibacterial
properties, and photocatalytic activity, rendering it suitable for cooling systems, antibacterial
coatings, and water treatment processes, assisting in the removal of pollutants and enhancing the
overall quality of water resources.

The idea of nanofluid, originally proposed by scientists, revolutionized fluid dynamics
with nanoparticles. The concept of nanofluid was first introduced by Choi[1], suggesting that
heat transfer fluids containing metallic nanoparticles could revolutionize heat transfer fluids. In
groundbreaking studies, Das et al. [2] and [3] explored the natural convective flow of nanofluids
with radiation in a moving vertical plate and a vertical channel, respectively. Both investigations
examined water-based nanofluids composed of titanium dioxide, aluminum oxide, and copper.
Addressing heat production or absorption scenarios, Rashidi et al. [4] sought a Lie group solution
for the flow of nanofluid over a chemically reacting horizontal plate. The entropy analysis by
Abolbashari et al. [5] employed the Homotopy Analysis Method (HAM) to examine a nanofluid
composed of water and one of four distinct types of nanoparticles: TiOz, Al203, Cu, and CuO,
passing across a stretchable permeable surface. In a numerical study, Motsumi et al. [6] focused
on the boundary layer movement of nanofluids over a moving flat plate, specifically the impacts
of thermal radiation, viscous dissipation, and thermal diffusion. Considering velocity slip and
temperature jump conditions, Turkyilmazoglu[7] conducted an analytical study on MHD
nanofluid flow wusing various water-based nanoparticles across a continuously
stretching/shrinking permeable sheet.

Further, Sahu and Deka [8] explored the stratifications in a MHD parabolic flow with
periodic temperature variation and variable mass diffusion in a porous medium. In addition,
Cheng [9] and [10] investigated double-diffusive natural convection and combined heat and mass
transfer in non-Newtonian fluid-saturated porous media with thermal and mass stratification. In
their theoretical analyses, recent studies by Sahu et al. [11-17] focused on thermal and mass
stratification effects on MHD flow with variable temperature and mass diffusion, including
chemical reactions, heat sources, and thermal radiation. The impact of nanoparticle shape on heat
transfer enhancement in magnetized ternary hybrid nanofluid was explored by Shanmugapriya
et al. [18]. Arif et al. [19] investigated heat transfer in a radiator with differently shaped
nanoparticles in a water-based ternary hybrid nanofluid, utilizing a fractional model. Finally,
Patil et al. [20] explored the flow of tangent hyperbolic ternary hybrid nanofluid over a rough-
yawed cylinder due to impulsive motion. Mahmood et al. [21] examined the effects of suction
and a heat source on ternary hybrid nanofluid's MHD stagnation point flow over a convectively
heated cylinder.

Additionally, Cao et al. [22] simulated the dynamics of water-based colloidal mixtures
with various nanoparticles, focusing on ternary-hybrid nanofluids. Recent numerical
investigations by Nath et al. [23] and [24] delved into the MHD ternary hybrid nanofluid (Cu-
Al203-TiO2/H20) flowing past a vertically stretching cylinder within a porous medium
influenced by thermal stratification, analyzing the effects of radiation and thermal stratification.
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Sarma and Paul [25] studied thermophoresis and Brownian motion in bioconvective cylindrical-
shaped Ag—CuO/H20 Ellis hybrid nanofluid flow along a radiative stretched tube with an
inclined magnetic field. Paul et al. [26] examined the mixed convection of shear-thinning hybrid
nanofluid flow across a radiative unsteady cone with suction and slip effects. Paul et al. [27] also
explored thermal and mass transfer analysis of Casson-Maxwell hybrid nanofluids through an
unsteady horizontal cylinder with variable thermal conductivity and Arrhenius activation energy.
According to the literature review, previous research has not addressed the MHD ternary
nanofluid (Ag—CoFe204—2Zn0O/C2HsO2 + H20) flowing via a porous substance past a cylinder
that is extending vertically. The primary aim of this research is to investigate the heat transfer
attributes of a ternary hybrid nanofluid comprising Ag—CoFe204—2ZnO particles dispersed in
ethylene glycol and water. The bvp4c technique applied in this study is well-established, as
discussed and applied in MATLAB by Shampine et al. [28] and Kierzenka et al. [29]. Graphical
representation results are given for various parameters, such as 9, y, M, K, Q, Pr, and A.

2. Mathematical Analysis

Envision a two-dimensional steady incompressible ternary hybrid nanofluid consisting
of Ag—CoFe204—2Zn0O/C2H602+H20, flowing through a porous medium around a vertically
stretchable cylinder with a radius of ro. Influences on this system include a heat source/sink,
thermal stratification, and thermal radiation. The movement of the ternary hybrid nanofluid is
directed axially along the x-direction, with the radial coordinate r perpendicular to the x-axis, as
depicted in Figure 1. The velocity components of the nanofluid along the r and x axes are denoted
by “u” and “v”, respectively. A magnetic field with strength Bo is applied perpendicularly to the
flow. The study accounts for thermal buoyancy effects but excludes Joule heating. The velocity

that causes the cylinder to stretch linearly is defined as u = a%, where ‘a’ is the velocity
coefficient and 'l’ the characteristic length of the cylinder. The wall temperature varies as Tw(x)
=To+ A(%) and the ambient temperature of the nanofluid as Tew(X) = To + B(%), with A, B, and
TO being constants where To indicates the initial temperature. The governing equations for

continuity, momentum, and energy for the ternary hybrid nanofluid are outlined according to
Paul et al. [30].
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Figure 1. Physical model.
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The boundary conditions are specified as follows:

us= a%, v=0, T =Tw(X), whenr=ro

u=0, T — Tw(X), whenr — o

The similarity transformation (Ref. [30]) applied to Equations (1)-(3) is as follows.

r2—r¢ avy _ T=Te(x)
n=t [y = My, 0 = S0

The non-dimensmnal quantities are provided as follows:

_logBy Ly by L _Gr B Ql vr(ney),
- ) ) Y 27 - 27 - ) Q - ) Pr - k
apy ak arg ReZ A a(pcp)f £

Where 6 represents thermal stratification, y curvature, M magnetism, A thermal buoyancy,
K porosity, Q heat source/sink, and P r the Prandtl number.
To meet the requirements of the continuity equation (1), the stream function v is

introduced, with u = %Z—‘f and v = —%Z—i’. Consequently, the dimensionless versions of the
transformed equations are displayed as follows:
f2=ff"=al2vf" + @ +2yn)f "] + a;A0 — (asM + a, K)f" (4)

f'(0+8)—f0' =a,[2y0" + (1 + 2yn)0"] + as 5)
Where,
P-mnf pf (pBT)mnf (pcp) Gmnf kmnf
1=~ Xp=——, X3= (7~ X4 = X5 = »Xe =
Hr Pmns (pBT)f (p )mnf Of kf
X4 X
a; = X1Xy, a,; = XyX3, az = XXs, a, = ;:» as = Qx,

Here, the variables pmnf, (BT)mnf, pmnf, (pCp)mnt, Kmnf, omnt refer to the viscosity, thermal
expansion coefficient, electrical conductivity, heat capacity, thermal conductivity, and density
of the ternary hybrid nanofluid, respectively. In a similar manner, us, (BT)s, pf, (pCp)s, kf, of
correspond to the viscosity, thermal expansion coefficient, electrical conductivity, heat capacity,
thermal conductivity, and density of the base fluid, respectively.

Here is how the transformed boundary conditions are defined:

fa =0, fm=1, 6M=1-8 atn=0
ffM -0, 6(n) >0 atn-oco
The thermophysical properties [Table 1] of the ternary hybrid nanofluid are as follows:

_ W
Hmnf = D25 (1-0,)25(1—p3)25

pmnf = (1 - ¢3)[(1 - 432){(1 - q)l)pf + q)lpsl} + q)zpsz] + ¢3p53
(Pcp)mnf =1 -¢d3) [(1 — $3) {(1 - ¢1)(Pcp)f + ¢, (Pcp)sl} + d)z(PCp)Sz] + b3 (Pcp)s3
(pBT)mnf =(1- ¢3)[(1 - (bz){(l - ¢1)(pBT)f + ¢1(pBT)s1} + ¢2(pBT)52] + &3(pBr)s3
_ (ksl + Zkf) - zd)l(kf - ksl) (ksz + anf) - Zq)z(knf 52)
knf - kf’ khnf
(ksl + Zkf) + q)l(kf - ksl) (ksz + anf) + (I)z (knf 52)
K _ [(ks3+2khnf)—2¢3(khnf—ks3)] K s (0s1+20f)—2d1(0f—ks1)
mnf (ksa+2knng)+ds(knns—ks3) hnfr Onf = (0s1+20f)+d1(0f—051)
G [(052+20nf) 2¢2(0nf 052) (053+20hnf) 2¢3(°hnf 053)
hnf — (052+20nf)+¢2(0nf 652) (053+20hnf)+¢3(0hnf 053) hnf
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Here, o1, ¢2, and @3 signify the volume fractions of Ag (silver), CoFe204 (cobalt ferrite),
and ZnO (zinc oxide) nanoparticles, correspondingly. The designations mnf, hnf, nf, f, s1, s2,
and s3 refer to ternary hybrid nanofluid, hybrid nanofluid, nanofluid, base fluid, and the dense
nanoparticles of Silver (Ag), Cobalt ferrite (CoFe20a), and Zinc Oxide (ZnO), respectively.

The definitions of the skin friction coefficient and local Nusselt number are as follows:
C.R 1/2 1

N R (I W (e N

where Rex represents the local Reynolds Number.

_Emnf g1 o)

(0) and NuxRe,Zl/2 =
ky

Table 1. Thermal and physical properties of ethylene glycol+ water and nanoparticles Paul et al. [31] and [32].

Physical Properties | Ethylene glycol (30%)+ H20 (70%) Ag CoFe204 Zn0O
p (kg/md) 1038.0 10500 4907.0 5606
Cyp (I/kgK) 3714.0 235 700.0 544
k (W/mK) 0.484 429 3.7 19

3. Method of Solution

To put it numerically tackle the system of higher-order nonlinear ODEs outlined in
Equations (4)-(5) along with the associated boundary circumstances, (6), we employ the bvp4c
solver, which is integrated into the MATLAB computational environment. This method is
frequently used by both professionals and researchers to analyze fluid flow dynamics. Developed
by Jacek Kierzenka and Lawrence F. Shampine from Southern Methodist University in Texas,
the bvp4c solver was first introduced by Hale [33]. It utilizes a finite modification algorithm
alongside the Lobatto I11A implicit Runge-Kutta method, delivering numerical solutions with
fourth-order accuracy. This method is crucial for ensuring precision by allowing for initial
guesses at mesh points and adjustments in step size. In research conducted by Waini et al. [34],
the bvp4c solver was shown to yield satisfactory outcomes when compared to the shooting
technique and the Keller box method. To manage the greater-order derivatives concerning n, we
introduce the following new variables:

f=y, f=y2), f"=y3), 6=y4), 0 =y(05)
y(1)] i 'L'(?J' ]
y(2) y(3)
d ", y(2)2 - y(Dy(3) —asdy(4) + (asM + a1 K)y(2) - 2a1yy(3)
E U(‘%} = (142vn)a,
y(4) y(5)
y(5) y(2)(y(4)+4) y(L)y(5) 2a4vy(5) asy(4)
nl - | (142vm)aq i
The boundary conditions are stated as:
ya(1), ya(2)—1, ya(4)—1+6, yb(2), yb(4)

Where ya represents the state at n = 0, and yb denotes the state at = .

4. Results and Discussion

The figures analyses were conducted using the bvp4c solver in MATLAB, with findings
depicted in Figures 2-13 and Tables 3-5. Table 2 contrasts the values of —0'(0) derived from this
research with those previously stated by Ishak and Nazar [35] and Elbashbeshy et al. [36] when
no nanoparticle volume fractions are present and the parameters6 =y =M=K=Q=A=¢1 =
¢2 = @3 = 0, with varying values of the Prandtl number. This comparison validates that the bvp4c
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algorithm can produce numerical results that are precise and consistent with those obtained from
other methodologies.

Table 2. Comparable values of —0'(0) withd =y =M =K=Q=A=¢p1 =2 = ¢3=0.

Pr Ishak and Nazar [35] Elbashbeshy et al. [36] Present Study
1 1.0 1.0 0.9999
10 3.7207 3.7207 3.7213

The study uses the following values: 6 = 04,y=03, M=13, K=3, Q=031 =
1.5, Pr=6.2, 1 = 0.03, ¢2 = 0.10 and @3 = 0.15. Figure 2 illustrates the effect of the thermal
stratification (5) parameter on the velocity f '(n). As thermal stratification (8) intensifies, it leads
to a decrease in velocity. An escalation in the thermal stratification (&) parameter reduces the
effective convective interaction between the heated wall and the adjacent fluid, reducing the
buoyancy force and consequently slowing the flow velocity. Hlustrated in Figure 3, the fluid
velocity f '(n) falls as the magnetic parameter (M ) increases. The increase in (M) leads to a
thinner momentum boundary layer due to the Lorentz force exerted by the horizontal magnetic
field, which diminishes the velocity of the ternary hybrid nanofluid. Figure 4 shows how the
porosity parameter (K) affects the nanofluid velocity f '(n). With an increase in (K), the velocity
decreases. An inverse correlation exists between K and the porous medium’s diameter, where a
higher K corresponds to a decreasing diameter. This smaller diameter restricts fluid movement
via the porous medium, reducing velocity due to the resistance posed by the porosity parameter

(K).
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Figure 2. Effects of 6 on the velocity profile. Figure 3. Effects of M on the velocity profile.
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Figure 4. Effects of K on the velocity profile. Figure 5. Effects of y on the velocity profile.
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As shown in Figure 5, the velocity f '(n) increases as the curvature parameter (y)
increases. This indicates that higher curvature (y) enhances the fluid flow along the vertically
stretching cylinder, reducing resistance and thereby increasing the velocity of the ternary hybrid
nanofluid within the porous medium. Figure 6 illustrates the impact of A on fluid velocity, where
it is noted that the velocity increases in tandem with increasing A. This rise in A bolsters the
thermal buoyancy forces, consequently boosting the fluid’s velocity and suggesting that
buoyancy forces significantly accelerate fluid flow.
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Figure 6. Effects of A on the velocity profile. Figure 7. Effects of  on the temperature profile.
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Figure 8. Effects of y on the temperature profile. Figure 9. Effects of Q on the temperature profile.
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Figure 10. Effects of Pr on the temperature profile.

Figure 7 demonstrates that as thermal stratification (3) rises, the fluid temperature
declines. The presence of thermal stratification () reduces the temperature gradient between the
heated wall and the adjacent fluid, causing the thermal boundary layer to thicken and the
temperature to decrease. Figure 8 shows that the temperature 6(n) increases as the curvature
parameter y increases. Higher curvature (y) enhances thermal stratification, which leads to better
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thermal mixing and heat transfer within the fluid, thereby increasing the temperature. Figure 9
illustrates the result of the Q on the temperature profile, showing that as (Q) increases, the fluid
temperature similarly rises, aligning with the fluid’s fundamental physical properties. Figure 10
presents the effect of the P r on the fluid’s temperature profile, revealing that an increase in Pr
leads to a decrease in fluid temperature. A higher Pr suggests lower thermal conductivity, which
reduces the efficiency of heat transfer through the fluid. Consequently, the rate of heat transfer
diminishes, the thermal boundary layer narrows, and the fluid temperature decreases.

0.6 T T T T 0.6

46,2003

\
05f 4,007
\ 43,7012

0.5

04F

041 P | s s L 01 L L
0 2 4 6 8 10 0 2 4 6 8 10
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Figure 11. Effects of @1 on the temperature profile. Figure 12. Effects of ¢, on the temperature profile.
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Figure 13. Effects of @3 on the temperature profile.

Figure 11 shows that a rise in the percentage of solid volume of Ag nanoparticles, with
the volume fractions of CoFe204 and ZnO held constant, causes an increase in the temperature
profile. Furthermore, Figure 12 demonstrates that the temperature increases as the percentage of
the volume that CoFe204 rises while keeping the Ag and ZnO fractions constant. Similarly, an
elevated volume fraction of ZnO (¢s3), as depicted in Figure 13, results in a higher temperature
profile, indicating that increased concentrations of these nanoparticles improve the fluid’s
thermal properties.

Tables 3 detail the effects of various flow parameters on skin friction and the local
Nusselt number. With a rise in the thermal stratification parameter (3), skin friction and the local
Nusselt number decrease. Higher values of the M and the K also lead to decreases in both skin
friction and the Nusselt number. In contrast, increases in the value of A result in higher skin
friction friction and Nusselt number. For the Pr, while skin friction decreases, the Nusselt number
increases. Similarly, a rise in the Q decreases the heat transfer rate, but skin friction increases.
Lastly, as the y increases, skin friction decreases, but the Nusselt number rises.
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Table 3. Skin friction coefficient and local Nusselt number for different values of 5, M, K, A, Pr, Q, vy.

Skin-friction Local Nusselt
o M K M Pr Q Y coefficient number
0 -4.6237 2.6921
0.3 1.5 3 1.5 6.2 0.3 0.3 -4,7881 2.5381
0.5 -4.8867 2.3541
0 -4.3195 2.5855
0.4 1.3 3 1.5 6.2 0.3 0.3 -4.6474 2.5132
1.5 -4.9147 2.4446
0 -3.2065 3.1715
0.4 1.3 2 1.5 6.2 0.3 0.3 -4.3406 2.5816
4 -5.2901 2.3442
0 -5.0461 2.3555
0.4 1.3 3 1 6.2 0.3 0.3 -4.9060 2.4280
2 -4,7761 2.4975
0.6 -4.6845 0.5110
0.4 1.3 3 1.5 6.2 0.3 0.3 -4.8399 2.4642
21 -5.0492 6.5163
-0.3 -4.8671 3.1050
0.4 1.3 3 1.5 6.2 0 0.3 -4.8531 2.7983
0.1 -4.8456 2.6708
0 -4.6327 2.9534
0.4 1.3 3 1.5 6.2 0.3 0.2 -4,7382 2.3769
0.4 -4.9429 2.5709

Table 4. Comparison of skin friction coefficient.

() Nanofluid Hybrid nanofluid Ternary hybrid nanofluid
0.0 3.3154 4.2717 4.6237
0.1 3.3042 4.3242 4.6795
0.2 3.3552 4.3759 4.7345

Table 5. Comparison of local Nusselt number.

o Nanofluid Hybrid nanofluid Ternary hybrid nanofluid
0.0 2.8469 2.6112 2.6921
0.1 2.4314 2.5706 2.6484
0.2 2.394 2.5244 2.5983

Tables 4 and 5 present comparisons of the absolute skin friction and the local Nusselt
number across nanofluid, hybrid nanofluid, and ternary hybrid nanofluid formulations. The
ternary hybrid nanofluid (Ag—CoFe204—2Zn0/C2HsO2+H20) demonstrates a substantial
enhancement in skin friction relative to the nanofluid (Ag/C2HsO2+H20). Additionally, as
thermal stratification (8) increases, the disparity in skin friction between the ternary hybrid
nanofluid and the standard nanofluid narrows for —CfRe;/ ?. The Nusselt number for the ternary
hybrid nanofluid shows a significant improvement over that of the conventional nanofluid.
Moreover, an increase in thermal stratification (6) augments the difference in the Nusselt number

between the ternary hybrid nanofluid and the regular nanofluid for Nu,Re, 1z

5. Conclusions

An extensive study was conducted on the consequences of the thermal stratification effect
regarding the movement of a ternary hybrid nanofluid that demonstrates magnetohydrodynamics
characteristics through a vertically stretchable cylinder. This study considered the existence of a
thermal buoyancy effect and a heat source within a porous medium. The study also looks at the
flow features and how they affect temperature and velocity profiles, as well as the Nusselt
number and friction factor. Notable findings from this inquiry include the following: As the
parameters 6, K, and M grow, the velocity profile shows a decreasing trend while it shows a
rising pattern with higher values of A and y. With rising values of 6 and Pr, the temperature
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declines, whereas with rising values of @1, @2, @3, Pr, y and Q, it rises. Parameters 6, M, K, Q, v,
and Pr cause a decrease in absolute skin friction, whereas A causes it to increase. An upward
trend is noted in the local Nusselt number as the values of Pr and y increase, whereas a downward
trend is observed as 6, M, K, A, and Q increase. In comparison to the hybrid nanofluid, the ternary
hybrid nanofluid exhibits higher absolute skin friction. Similarly, when compared to ordinary
nanofluids, hybrid nanofluids exhibit higher skin friction. A ternary hybrid nanofluid has a
greater heat transfer rate than a hybrid nanofluid, which is also higher than that of standard
nanofluids.
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