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Abstract: Borophene, with its outstanding mechanical and electronic properties, is a promising material 

for advanced technological applications. This work applies concepts from chemical graph theory to 

examine five single-layered borophene nanosheets by deriving their M-polynomials and computing 

various Degree-based Topological Indices (DBTI). These indices are correlated with key mechanical 

properties - Young’s modulus, Poisson’s ratio, strain at ultimate tensile strength, and ultimate tensile 

strength. Further linear, quadratic, cubic, exponential, and logarithmic regression models were 

examined, and based on the coefficient of determination (R2) value, the most appropriate model was 

identified. Thus, the study demonstrates that M-polynomial–based descriptors offer an efficient and 

reliable framework for predicting the mechanical behavior of borophene nanosheets. 
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1. Introduction 

Chemical graph theory has its historical roots in concepts like chemical connectivity, 

graph matrices, symmetry, and transformations. These principles play a key role in establishing 

its framework for modeling chemical structures through graphs [1]. In this scenario, topological 

indices (TIs) are crucial, as they encode molecules as graphs with vertices corresponding to 

atoms and edges corresponding to chemical bonds [2]. According to IUPAC, a topological 

index is a numerical value used to evaluate a chemical structure and correlate it with many 

physical properties, reactivity, and biological activity [3]. These indices, which form the core 

of Quantitative Structure-Property Relationships (QSPR) and Quantitative Structure-Activity 

Relationships (QSAR), are critical for predicting structural and functional properties such as 

stability, boiling point, and toxicity [4–7].  

In the field of mathematical chemistry, the calculation of structural descriptors has 

relied on direct computation from their definitions, a process that is typically laborious. 

Building on these advancements, Deutsch and Klavžar [8] introduced the concept of the M-
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polynomial in 2014. M-polynomial provides a general polynomial-computation approach that 

enables efficient calculation of various degree-based structural descriptors, facilitating the 

process and expanding its applicability for capturing structural and chemical properties. 

Boron is found in the periodic table between metals and non-metals. Due to its 

exceptional chemical and physical properties, it can create low-dimensional structures like 

borophene. The unfolding of borophene significantly led the progress of the field of two-

dimensional (2D) nanomaterials. The remarkable mechanical strength, electrical conductivity, 

chemical stability, and thermal resilience of borophene have sparked a great deal of study 

curiosity [9]. Owing to its unique properties, borophene holds great potential for use in a variety 

of industries, such as biomedicine [10], energy storage [11], and memory devices [12].  

Munir et al. [13] reported the M-polynomials of single-walled titania (SW TiO2) 

nanotubes, a nanostructure of great interest due to its numerous applications in the manufacture 

of corrosion-resistant, gas-sensing, and catalytic materials. Munir et al. [14] studied M-

polynomials of boron triangular nanotubes and recovered numerous significant topological 

degree-based indices of these nanotubes and demonstrated how each topological index 

depended on the structural characteristics. Li et al. [15] obtained closed forms of certain degree-

based topological indices of linear chains of graphs of benzene, naphthalene, and anthracene, 

as well as M-polynomials bringing in the correlation between these indices on the fundamental 

building blocks of these three chains.  

The work of Afzal et al. [16] demonstrated that the molecular structure of boron α-

nanotube contains the topological indices that were used to decipher the information. Liu et al 

[17] provided the extension of m-polynomial and degree-based topological indices for two 

nanotubes, HC5C7(A) and VC5C7(B). With advances in the study of coronoid polycyclic 

aromatic hydrocarbons, driven by their evolving applications in nanotechnology, research in 

this field has become much more prominent. The computation of the various degree-based 

topological indices for coronoid structures with cavities that vary depending on their topology 

using the M-polynomial was made by Julietraja and Venugopal [18]. Khan et al. [19] computed 

the first and second temperature indices, the sum connectivity temperature index, the hyper 

temperature indices, the product connectivity temperature index, the reciprocal product 

connectivity temperature index, and the F temperature index of a molecular graph SiO4 

embedded in a chain. The molecular structure of SiO4 provides strong motivation for the 

exploration of all the interconnected networks. 

The M-polynomial technique is utilized to establish the degree-based descriptors of the 

β12-Borophene nanosheet by Ismail et al. [20]. Further, based on the identified analytic 

expressions, a numerical and graphical comparison is also presented. The study by Nagesh [21] 

employed QSPR models incorporating temperature-based topological indices, such as the sum 

connectivity, product connectivity, F-temperature, and symmetric division temperature indices, 

to predict thermodynamic properties of monocarboxylic acids. These analyses provide 

fundamental connections between thermodynamic parameters and topological indices by using 

linear, quadratic, and cubic curvilinear regression models. Khan et al. [22] calculated 

temperature indices for borophene nanosheets and used them in a QSPR analysis of the 

properties of two borophene nanosheets, including Poisson's ratio, Young's modulus, and Shear 

modulus. 

The M-polynomials of fractal benzene structures, Pythagoras trees, and benzene 

dendrimers and their degree-based topological indices were obtained by Sarhan et al. [23]. This 

work analyzed the structural patterns and trends in iterative molecular graphs. Wasim Sajjad et 
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al. [24] examined carbon nanotubes as chemical graphs and calculated topological invariants 

based on eccentricity, such as eccentric-connectivity, total-eccentricity, and Zagreb indices, to 

reveal their structural and physicochemical properties. The correlation between degree-based 

topological indices and entropy measures was studied using M-polynomials for porous 

graphitic frameworks, providing a glimpse into their structural properties [25]. M-polynomials 

were calculated for carbazole dendrimers [26] to derive degree-based topological indices, such 

as the Hyper Zagreb, Redefined Zagreb, and Reciprocal Randić indices, as proposed by 

Venkatesan et al., thereby providing a framework for QSPR analysis of dendritic molecular 

structures. An explicit expression of the M-polynomial was derived by Mehiri for generalized 

Hanoi graphs Hₚₙ [27], allowing exact computation of degree-based topological indices and 

providing complete structural characterization. 

Recent experimental breakthroughs in the synthesis of various borophene nanosheets 

have revealed a number of novel structures with promising technological applications, 

underscoring the importance of understanding their mechanical properties. As a boron 

counterpart of graphene, borophene has been shown to have several structural polymorphs, all 

of which display metallic properties. While a number of experimental and theoretical studies 

have investigated the structural, electronic, and mechanical properties of borophene, there is a 

lack of comprehensive quantitative structure-property relationships (QSPRs) that correlate 

mechanical properties with graph-theoretic molecular descriptors. Specifically, the application 

of degree-based topological indices within the M-polynomial framework to describe and 

compare the mechanical properties of different polymorphs of borophene [28] has not been 

sufficiently investigated, underscoring the significance of the current study.  

The dataset considered in this study is necessarily small, as only a few polymorphs of 

borophene nanosheets have been discovered so far. This is because the field of borophene is 

still in its nascent stage, and experimental work on its synthesis is in its infancy. 

2. Materials and Methods 

In this article, all connectivity graphs are finite, connected, loopless, and have no 

multiple edges. The Graph 𝐺(𝑉, 𝐸) has the vertex set V and edge set E. The degree of the vertex 

𝑎 ∈ 𝑉(𝐺) is denoted by 𝑑𝑎 is the total number of edges incident on the vertex 𝑎 [29,30]. Let 𝐺 

be a graph  and 𝑚𝑘𝑙(𝐺), 𝑘, 𝑙 ≥ 1 be the number of edges 𝑎𝑏 ∈ 𝐸(𝐺) such that (𝑑𝑎, 𝑑𝑏) =

(𝑘, 𝑙), the M –polynomial [8] is given by: 

𝑀(𝐺; 𝑥, 𝑦) =  ∑ 𝑚𝑘𝑙(𝐺)𝑥𝑘𝑦𝑙
𝑘≤𝑙                        (1) 

The computation of the degree-based topological indices using M-polynomial requires 

the following operators(a): 

𝐷𝑥(𝑓(𝑥, 𝑦)) = 𝑥 
𝜕(𝑓(𝑥,𝑦))

𝜕𝑥
                                   (2) 

𝐷𝑦(𝑓(𝑥, 𝑦)) = 𝑦 
𝜕(𝑓(𝑥,𝑦))

𝜕𝑦
                                   (3) 

𝑆𝑥(𝑓(𝑥, 𝑦)) = ∫
(𝑓(𝑥,𝑦))|𝑥=𝑡

𝑡
𝑑𝑡

𝑥

0
                           (4) 

𝑆𝑦(𝑓(𝑥, 𝑦)) = ∫
(𝑓(𝑥,𝑦))|𝑦=𝑡

𝑡
𝑑𝑡

𝑦

0
                           (5) 

𝐽(𝑓(𝑥, 𝑦)) = 𝑓(𝑥, 𝑥)                                           (6) 

𝑄𝑎(𝑓(𝑥, 𝑦)) = 𝑥𝛼𝑓(𝑥, 𝑦);   𝛼 ≠ 0                      (7) 

𝐿𝑥(𝑓(𝑥, 𝑦)) = 𝑓(𝑥2, 𝑦)                                       (8) 

𝐿𝑦(𝑓(𝑥, 𝑦)) = 𝑓(𝑥, 𝑦2)                                       (9) 
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A few important Degree-based Topological indices and their formulas for derivation 

from M-polynomial are given in Table 1. 

Table 1. The M-polynomial formulas are used to derive the degree-based topological indices. 

Degree-based TI Notation 𝒇(𝒙, 𝒚) 𝑴(𝑮: 𝒙, 𝒚) based derivation 

First Zagreb [31] 𝑀1(𝐺) 𝑥 + 𝑦 (𝐷𝑥 + 𝐷𝑦)(𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 

Second Zagreb [31] 𝑀2(𝐺) 𝑥𝑦 (𝐷𝑥𝐷𝑦)(𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 

Second Modified Zagreb [32] 𝑀2
𝑚(𝐺) 

1

𝑥𝑦
 (𝑆𝑥𝑆𝑦)(𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 

Third Zagreb [33] 𝑀3(𝐺) |𝑥 − 𝑦| |𝐷𝑥 − 𝐷𝑦|(𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 

Randic [4] 𝑅(𝐺) 
1

√𝑥𝑦
 (𝐷𝑥

−1
2  𝐷𝑦

−1
2 ) (𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 

Nano Zagreb [34] 𝑁𝑧(𝐺) |𝑥2 − 𝑦2| |𝐷𝑥
2 − 𝐷𝑦

2|(𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 

Sum Nano Zagreb [35] 𝜒1
2

𝑁𝑧(𝐺) √|𝑥2 − 𝑦2 | √|𝐷𝑥
2 − 𝐷𝑦

2|(𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 

First Hyper Zagreb [36] 𝐻𝑀1(𝐺) (𝑥 + 𝑦)2 (𝐷𝑥 + 𝐷𝑦)
2

(𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 

Sigma [37] 𝜎(𝐺) (𝑥 − 𝑦)2 (𝐷𝑥 − 𝐷𝑦)
2

(𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 

Symmetric Division [37] 𝑆𝐷𝐷(𝐺) 
𝑥2 + 𝑦2

𝑥𝑦
 (𝐷𝑥𝑆𝑦 + 𝐷𝑦𝑆𝑥)(𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 

Atom Bond Connectivity [38] 𝐴𝐵𝐶(𝐺) √
𝑥 + 𝑦 − 2

𝑥𝑦
 ((𝐷𝑥

−1
2  𝐷𝑦

−1
2 ) ∗ (𝐷𝑥

1
2𝑄−2𝐽)) (𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 

Geometric Arithmetic [39] 𝐺𝐴(𝐺) 
2√𝑥𝑦

𝑥 + 𝑦
 (2 (𝐷𝑥

1
2 𝐷𝑦

1
2) ∗ (𝑆𝑥𝐽)) (𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 

Harmonic[40,41] 𝐻(𝐺) 
2

𝑥 + 𝑦
 (2𝑆𝑥𝐽)(𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 

Sum Connectivity [42] 𝑆𝐶(𝐺) 
1

√𝑥 + 𝑦
 (𝑆𝑥

1
2𝐽) (𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 

First k-Banhatti [43] 𝐵1(𝐺) 𝑥 + 𝑦 + 2(𝑥 + 𝑦 − 2) ((𝐷𝑥 + 𝐷𝑦) + 2𝐷𝑥𝑄−2𝐽))(𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 

Second k-Banhatti [43] 𝐵2(𝐺) (𝑥 + 𝑦 − 2)(𝑥 + 𝑦) (𝐷𝑥𝑄−2𝐽(𝐷𝑥 + 𝐷𝑦))(𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 

Modified First k-Banhatti [44] 𝑚𝐵1
(𝐺) 

1

𝑥2 + 𝑦 − 2
+

1

𝑥 + 𝑦2 − 2
 (𝑆𝑥𝑄−2𝐽(𝐿𝑥 + 𝐿𝑦)) (𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 

Modified Second k-Banhatti 

[44] 
𝑚𝐵2

(𝐺) (
1

𝑥
+

1

𝑦
) (

1

𝑥 + 𝑦 − 2
) (𝑆𝑥𝑄−2𝐽(𝑆𝑥 + 𝑆𝑦)) (𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 

Harmonic k-Banhatti [43] 𝐻𝐵(𝐺) 2 (
1

𝑥2 + 𝑦 − 2
+

1

𝑥 + 𝑦2 − 2
) (2𝑆𝑥𝑄−2𝐽(𝐿𝑥 + 𝐿𝑦)) (𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 

3. Borophene Structure Analysis 

The five borophene sheets, namely 𝑆1, 𝑆2, 𝑆3, 𝑆4, 𝑆5 as mentioned in [28], is considered 

directly where r is the number of rows and c is the number of columns. The connectivity graph 

of all five structures is depicted, taking 𝑟 = 4 and 𝑐 = 4 as it gives a complete picture of all 

possible vertex and edge set.  
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3.1. 𝑆1 Borophene structure. 

 
Figure 1. Edge partition of  𝑆1 borophene structure. 

Theorem 1: Let 𝐺 =  𝑆1(𝑟, 𝑐) such that 𝑟, 𝑐 ≥ 1 be the connectivity graph of the S1-

borophene nanosheet, as shown in the figure, then the M-polynomial is defined to be: 

𝑀(𝐺; 𝑥, 𝑦) = 4𝑥3𝑦3  + 4 𝑥3𝑦4  +  (4𝑟 − 4)𝑥3𝑦5  +  (2𝑟 + 4)𝑥3𝑦6   +  (4𝑐 − 6)𝑥4𝑦4  +

 (8𝑐 − 8)𝑥4𝑦6   +  (6𝑟 − 6)𝑥5𝑦6  +  (12𝑐𝑟 − 13𝑟 − 10𝑐 + 11)𝑥6𝑦6                (10) 

Proof: 

Consider the connectivity graph 𝐺 =  𝑆1(𝑟, 𝑐) ; 𝑟, 𝑐 ≥ 1 with |𝑉(𝐺)| = 4𝑐𝑟 + 𝑟 +

2𝑐 and |𝐸(𝐺)| = 12𝑐𝑟 + 2𝑐 − 𝑟 − 1. The partition of the edge set based on the vertex degree 

is given by 𝜆(𝑘,𝑙) =  {(𝑎, 𝑏) 𝜖 𝐸(𝐺): 𝑑𝑎 = 𝑘, 𝑑𝑏 = 𝑙}. The connectivity graph of the 𝑆1-

borophene nanosheet is illustrated in Figure 1 and the corresponding M-polynomial 

representation is shown in Figure 2. It is observed that: 

Edge partition 𝜆(3,3) 𝜆(3,4) 𝜆(3,5) 𝜆(3,6) 𝜆(4,4) 𝜆(4,6) 𝜆(5,6) 𝜆(6,6) 

Cardinality 4 4 4r-4 2r+4 4c-6 8c-8 6r-6 12cr-13r-10c+11 

By the definition of the M-polynomial, we get: 

𝑀(𝐺; 𝑥, 𝑦) =  ∑ 𝑚33𝑥3
3≤3 𝑦3 + ∑ 𝑚34𝑥3

3≤4 𝑦4 + ∑ 𝑚35𝑥3
3≤5 𝑦5 + ∑ 𝑚36𝑥3

3≤6 𝑦6 +

∑ 𝑚44𝑥4
4≤4 𝑦4 + ∑ 𝑚46𝑥4

4≤6 𝑦6 + ∑ 𝑚56𝑥5
5≤6 𝑦6 + ∑ 𝑚66𝑥6

6≤6 𝑦6                    (11) 

                     = |𝜆(3,3)|𝑥3𝑦3 + |𝜆(3,4)|𝑥3𝑦4 + |𝜆(3,5)|𝑥3𝑦5 + |𝜆(3,6)|𝑥3𝑦6 + |𝜆(4,4)|𝑥4𝑦4

+ |𝜆(4,6)|𝑥4𝑦6 + |𝜆(5,6)|𝑥5𝑦6 + |𝜆(6,6)|𝑥6𝑦6 

                     = 4𝑥3𝑦3  + 4 𝑥3𝑦4  +  (4𝑟 − 4)𝑥3𝑦5  +  (2𝑟 + 4)𝑥3𝑦6   +  (4𝑐 − 6)𝑥4𝑦4  

+  (8𝑐 − 8)𝑥4𝑦6   +  (6𝑟 − 6)𝑥5𝑦6  +  (12𝑐𝑟 − 13𝑟 − 10𝑐 + 11)𝑥6𝑦6  

 
Figure 2. Graphical Representation of the M-polynomial for  𝑆1 borophene structure. 
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Theorem 2: For 𝐺 =  𝑆1(𝑟, 𝑐) such that 𝑟, 𝑐 ≥ 1, 

𝑀1(𝐺) =   144𝑐𝑟 −  40𝑟 − 80𝑐 − 6 

𝑀2(𝐺) = 432𝑐𝑟 −  192𝑟 −  104𝑐 +  24 

𝑀2
𝑚(𝐺) =

11𝑐

36
+

13𝑟

60
+

𝑐𝑟

3
+

47

360
 

𝑀3(𝐺)  =  16𝑐 +  20𝑟 −  14 

𝑅(𝐺) =  2𝑐𝑟 −
13𝑟

6
−

2𝑐

3
+

√6(8𝑐 −  8)

12
+

√2(2𝑟 +  4)

6
+

√15(4𝑟 −  4)

15
+

√30(6𝑟 −  6)

30

+
2382432804997525

844424930131968
 

𝑁𝑧(𝐺) =  160𝑐 +  184𝑟 −  154 

𝜒1
2

𝑁𝑧(𝐺) =  16𝑟 +  4√7 +  2√5(8𝑐 −  8) +  3√3(2𝑟 +  4) +  √11(6𝑟 −  6) −  16 

𝐻𝑀1(𝐺) = 1728𝑐𝑟 −  728𝑟 −  384𝑐 +  82 

𝜎(𝐺) = 32𝑐 +  40𝑟 −  14 

𝑆𝐷𝐷(𝐺) =
16𝑐

3
+

4𝑟

15
+  24𝑐𝑟 −

34

15
 

𝐴𝐵𝐶(𝐺) =
8√3𝑐

3
+  √6𝑐 −

5√10𝑐

3
−

41√10𝑟

30
+

√14𝑟

3
+

3√30𝑟

5
−

8√3

3
−

3√6

2
+

31√10

30

+
2√14

3
−

3√30

5
+  2√10𝑐𝑟 +

5909460810712307

1125899906842624
 

𝐺𝐴(𝐺) =  12𝑐𝑟 −  13𝑟 −  6𝑐 +
2√6(8𝑐 −  8)

5
+

2√2(2𝑟 +  4)

3
+

√15(4𝑟 −  4)

4

+
2√30(6𝑟 −  6)

11
+

7295253401235797

562949953421312
 

𝐻(𝐺) =
14𝑐

15
+

73𝑟

198
+  2𝑐𝑟 +

26

3465
 

𝑆𝐶(𝐺) =
2𝑟

3
+

√2(4𝑐 −  6)

4
+

√10(8𝑐 −  8)

10
−

√3(10𝑐 +  13𝑟 −  12𝑐𝑟 −  11)

6

+
√2(4𝑟 −  4)

4
+

√11(6𝑟 −  6)

11
+

15125962153204507

3377699720527872
 

𝐵1(𝐺) =  384𝑐𝑟 −  116𝑟 −  32𝑐 −  14 

𝐵2(𝐺) =  1440𝑐𝑟 −  648𝑟 −  368𝑐 +  94 

𝑚𝐵1
(𝐺) =

949𝑐

1710
+

339649𝑟

836940
+

3𝑐𝑟

5
+

18270071

76247380
 

𝑚𝐵2
(𝐺) =

5𝑐

12
+

13𝑟

42
+

2𝑐𝑟

5
+

113

42
 

𝐻𝐵(𝐺) =
949𝑐

855
+

339649𝑟

418470
+

6𝑐𝑟

5
+

18270071

38123690
 

Proof: 

Using the M-polynomial obtained in Theorem 1, we define the various degree-based 

operator terms required for the expressions listed in Table 1, according to definitions (a). 

Consequently, the following results are obtained: 

𝐷𝑥(𝑀) = 12𝑥3𝑦3 + 12𝑥3𝑦4 + (12𝑟 − 12)𝑥3𝑦5 + (6𝑟 + 12)𝑥3𝑦6 + (16𝑐 − 24)𝑥4𝑦4

+ (32𝑐 − 32)𝑥4𝑦6 + (30𝑟 − 30)𝑥5𝑦6 + (72𝑐𝑟 − 78𝑟 − 60𝑐 + 66)𝑥6𝑦6 

𝐷𝑦(𝑀) = 12𝑥3𝑦3 + 16𝑥3𝑦4 + (20𝑟 − 20)𝑥3𝑦5 + (12𝑟 + 24)𝑥3𝑦6 + (16𝑐 − 24)𝑥4𝑦4

+ (48𝑐 − 48)𝑥4𝑦6 + (36𝑟 − 36)𝑥5𝑦6 + (72𝑐𝑟 − 78𝑟 − 60𝑐 + 66)𝑥6𝑦6 
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𝑆𝑥(𝑀) =
4

3
4𝑥3𝑦3 +

4

3
𝑥3𝑦4 +

(4𝑟 − 4)

3
𝑥3𝑦5 +

(2𝑟 + 4)

3
𝑥3𝑦6 +

(4𝑐 − 6)

4
𝑥4𝑦4

+
(8𝑐 − 8)

4
𝑥4𝑦6 +

(6𝑟 − 6)

5
𝑥5𝑦6 +

(12𝑐𝑟 − 13𝑟 − 10𝑐 + 11)

6
𝑥6𝑦6 

𝑆𝑦(𝑀) =
4

3
4𝑥3𝑦3 +

4

4
𝑥3𝑦4 +

(4𝑟 − 4)

5
𝑥3𝑦5 +

(2𝑟 + 4)

6
𝑥3𝑦6 +

(4𝑐 − 6)

4
𝑥4𝑦4

+
(8𝑐 − 8)

6
𝑥4𝑦6 +

(6𝑟 − 6)

6
𝑥5𝑦6 +

(12𝑐𝑟 − 13𝑟 − 10𝑐 + 11)

6
𝑥6𝑦6 

𝐷𝑥

−1
2 (𝑀) =

4

√3
𝑥3𝑦3 +

4

√3
𝑥3𝑦4 +

(4𝑟 − 4)

√3
𝑥3𝑦5 +

(2𝑟 + 4)

√3
𝑥3𝑦6 +

(4𝑐 − 6)

2
𝑥4𝑦4

+
(8𝑐 − 8)

2
𝑥4𝑦6 +

(6𝑟 − 6)

√5
𝑥5𝑦6 +

(12𝑐𝑟 − 13𝑟 − 10𝑐 + 11)

√6
𝑥6𝑦6 

 𝐷𝑦

−1
2 (𝑀) =

4

√3
𝑥3𝑦3 + 2𝑥3𝑦4 +

(4𝑟 − 4)

√5
𝑥3𝑦5 +

(2𝑟 + 4)

√6
𝑥3𝑦6 +

(4𝑐 − 6)

2
𝑥4𝑦4

+
(8𝑐 − 8)

√6
𝑥4𝑦6 +

(6𝑟 − 6)

√6
𝑥5𝑦6 +

(12𝑐𝑟 − 13𝑟 − 10𝑐 + 11)

√6
𝑥6𝑦6 

𝐷𝑥
2(𝑀) = 36 ∗ 4𝑥3𝑦3 + 36 ∗ 4𝑥3𝑦4 + 36(4𝑟 − 4)𝑥3𝑦5 + 36(2𝑟 + 14)𝑥3𝑦6

+ 64(4𝑐 − 6)𝑥4𝑦4 + 64(8𝑐 − 8)𝑥4𝑦6 + 100(6𝑟 − 6)𝑥5𝑦6 + 144(12𝑐𝑟

− 13𝑟 − 10𝑐 + 11)𝑥6𝑦6 

𝐷𝑦
2(𝑀) = 36 ∗ 4𝑥3𝑦3 + 64 ∗ 4𝑥3𝑦4 + 100(4𝑟 − 4)𝑥3𝑦5 + 144(2𝑟 + 14)𝑥3𝑦6

+ 64(4𝑐 − 6)𝑥4𝑦4 + 144(8𝑐 − 8)𝑥4𝑦6 + 144(6𝑟 − 6)𝑥5𝑦6 + 144(12𝑐𝑟

− 13𝑟 − 10𝑐 + 11)𝑥6𝑦6 

𝐷𝑦𝑆𝑥(𝑀) = 4𝑥3𝑦3 + 3𝑥3𝑦4 +
(12𝑟 − 12)

5
𝑥3𝑦5 + (𝑟 + 2)𝑥3𝑦6 + (4𝑐 − 6)𝑥4𝑦4

+
(16𝑐 − 16)

3
𝑥4𝑦6 + (5𝑟 − 5)𝑥5𝑦6 + (12𝑐𝑟 − 13𝑟 − 10𝑐 + 11)𝑥6𝑦6 

𝐷𝑥𝑆𝑦(𝑀) = 4𝑥3𝑦3 +
16

3
𝑥3𝑦4 +

(20𝑟 − 20)

5
𝑥3𝑦5 + (4𝑟 + 8)𝑥3𝑦6 + (4𝑐 − 6)𝑥4𝑦4 + (12𝑐

− 12)𝑥4𝑦6 +
(36𝑟 − 36)

5
𝑥5𝑦6 + (12𝑐𝑟 − 13𝑟 − 10𝑐 + 11)𝑥6𝑦6 

𝐽(𝑀) = 4𝑥6 + 4𝑥7 + (4𝑟 + 4𝑐 − 10)𝑥8 + (2𝑟 + 4)𝑥9 + (8𝑐 − 8)𝑥10 + (6𝑟 − 6)𝑥11

+ (12𝑐𝑟 − 13𝑟 − 10𝑐 + 11)𝑥12 

𝑄−2𝐽(𝑀) = 4𝑥4 + 4𝑥5 + (4𝑟 + 4𝑐 − 10)𝑥6 + (2𝑟 + 4)𝑥7 + (8𝑐 − 8)𝑥8 + (6𝑟 − 6)𝑥9

+ (12𝑐𝑟 − 13𝑟 − 10𝑐 + 11)𝑥10 

𝑆𝑥𝐽(𝑀) =
4

6
𝑥6 +

4

7
𝑥7 +

(4𝑟 + 4𝑐 − 10)

8
𝑥8 +

(2𝑟 + 4)

9
𝑥9 +

(8𝑐 − 8)

10
𝑥10 +

(6𝑟 − 6)

11
𝑥11

+
(12𝑐𝑟 − 13𝑟 − 10𝑐 + 11)

12
𝑥12 

𝑆𝑥

1
2𝐽(𝑀) =

4

√6
𝑥6 +

4

√7
𝑥7 +

(4𝑟 + 4𝑐 − 10)

√8
𝑥8 +

(2𝑟 + 4)

√9
𝑥9 +

(8𝑐 − 8)

√10
𝑥10

+
(6𝑟 − 6)

√11
𝑥11 +

(12𝑐𝑟 − 13𝑟 − 10𝑐 + 11)

√12
𝑥12 

𝐿𝑥(𝑀) = 4𝑥6𝑦3 + 4𝑥6𝑦4 + (4𝑟 − 4)𝑥6𝑦5 + (2𝑟 + 14)𝑥6𝑦6 + (4𝑐 − 6)𝑥8𝑦4

+ (8𝑐 − 8)𝑥8𝑦6 + (6𝑟 − 6)𝑥10𝑦6 + (12𝑐𝑟 − 13𝑟 − 10𝑐 + 11)𝑥12𝑦6 

𝐿𝑦(𝑀) = 4𝑥3𝑦6 + 4𝑥3𝑦8 + (4𝑟 − 4)𝑥3𝑦10 + (2𝑟 + 14)𝑥3𝑦12 + (4𝑐 − 6)𝑥4𝑦8

+ (8𝑐 − 8)𝑥4𝑦12 + (6𝑟 − 6)𝑥5𝑦12 + (12𝑐𝑟 − 13𝑟 − 10𝑐 + 11)𝑥6𝑦12 
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Using the defined operators listed in Table 1, we obtain the following: 

𝑀1(𝐺) = (𝐷𝑥 + 𝐷𝑦)(𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 =  144𝑐𝑟 −  40𝑟 − 80𝑐 − 6 

𝑀2(𝐺) = (𝐷𝑥𝐷𝑦)(𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 =  432𝑐𝑟 −  192𝑟 −  104𝑐 +  24 

𝑀2
𝑚(𝐺) =  (𝑆𝑥𝑆𝑦)(𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1  =

11𝑐

36
+

13𝑟

60
+

𝑐𝑟

3
+

47

360
 

𝑀3(𝐺)  =  |𝐷𝑥 − 𝐷𝑦|(𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 =  16𝑐 +  20𝑟 −  14=  

𝑅(𝐺)  = (𝐷𝑥

−1
2  𝐷𝑦

−1
2 ) (𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1

=  2𝑐𝑟 −
13𝑟

6
−

2𝑐

3
+

√6(8𝑐 −  8)

12
+

√2(2𝑟 +  4)

6
+

√15(4𝑟 −  4)

15

+
√30(6𝑟 −  6)

30
+

2382432804997525

844424930131968
 

𝑁𝑧(𝐺) = |𝐷𝑥
2 − 𝐷𝑦

2|(𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 =  160𝑐 +  184𝑟 −  154 

𝜒1
2

𝑁𝑧(𝐺) = √|𝐷𝑥
2 − 𝐷𝑦

2|(𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1

=  16𝑟 +  4√7 +  2√5(8𝑐 −  8) +  3√3(2𝑟 +  4) +  √11(6𝑟 −  6) −  16 

𝐻𝑀1(𝐺) = (𝐷𝑥 + 𝐷𝑦)
2

(𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 = 1728𝑐𝑟 −  728𝑟 −  384𝑐 +  82 

𝜎(𝐺) = (𝐷𝑥 − 𝐷𝑦)
2

(𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 = 32𝑐 +  40𝑟 −  14 

𝑆𝐷𝐷(𝐺) = (𝐷𝑥𝑆𝑦 + 𝐷𝑦𝑆𝑥)(𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 =
16𝑐

3
+

4𝑟

15
+  24𝑐𝑟 −

34

15
 

𝐴𝐵𝐶(𝐺) = ((𝐷𝑥

−1
2  𝐷𝑦

−1
2 ) ∗ (𝐷𝑥

1
2𝑄−2𝐽)) (𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1

=
8√3𝑐

3
+  √6𝑐 −

5√10𝑐

3
−

41√10𝑟

30
+

√14𝑟

3
+

3√30𝑟

5
−

8√3

3
−

3√6

2

+
31√10

30
+

2√14

3
−

3√30

5
+  2√10𝑐𝑟 +

5909460810712307

1125899906842624
 

𝐺𝐴(𝐺) = (2 (𝐷𝑥

1
2 𝐷𝑦

1
2) ∗ (𝑆𝑥𝐽)) (𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1

=  12𝑐𝑟 −  13𝑟 −  6𝑐 +
2√6(8𝑐 −  8)

5
+

2√2(2𝑟 +  4)

3
+

√15(4𝑟 −  4)

4

+
2√30(6𝑟 −  6)

11
+

7295253401235797

562949953421312
 

𝐻(𝐺) = (2𝑆𝑥𝐽)(𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 =
14𝑐

15
+

73𝑟

198
+  2𝑐𝑟 +

26

3465
 

𝑆𝐶(𝐺) = (𝑆𝑥

1
2𝐽) (𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1

=
2𝑟

3
+

√2(4𝑐 −  6)

4
+

√10(8𝑐 −  8)

10
−

√3(10𝑐 +  13𝑟 −  12𝑐𝑟 −  11)

6

+
√2(4𝑟 −  4)

4
+

√11(6𝑟 −  6)

11
+

15125962153204507

3377699720527872
 

𝐵1(𝐺) = ((𝐷𝑥 + 𝐷𝑦) + 2𝐷𝑥𝑄−2𝐽))(𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 =  384𝑐𝑟 −  116𝑟 −  32𝑐 −  14 

𝐵2(𝐺) = (𝐷𝑥𝑄−2𝐽(𝐷𝑥 + 𝐷𝑦))(𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 =  1440𝑐𝑟 −  648𝑟 −  368𝑐 +  94 

𝑚𝐵1
(𝐺) = (𝑆𝑥𝑄−2𝐽(𝐿𝑥 + 𝐿𝑦)) (𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 =

949𝑐

1710
+

339649𝑟

836940
+

3𝑐𝑟

5
+

18270071

76247380
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𝑚𝐵2
(𝐺) = (𝑆𝑥𝑄−2𝐽(𝑆𝑥 + 𝑆𝑦)) (𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1 =

5𝑐

12
+

13𝑟

42
+

2𝑐𝑟

5
+

113

42
 

𝐻𝐵(𝐺) = (2𝑆𝑥𝑄−2𝐽(𝐿𝑥 + 𝐿𝑦)) (𝑀(𝐺: 𝑥, 𝑦))|𝑥=𝑦=1

=
949𝑐

855
+

339649𝑟

418470
+

6𝑐𝑟

5
+

18270071

38123690
 

3.2. 𝑆2 Borophene structure. 

 
Figure 3. Edge partition of  𝑆2 borophene structure. 

Theorem 3: Let 𝐺 =  𝑆2(𝑟, 𝑐) such that 𝑟, 𝑐 ≥ 1 be the connectivity graph of the S2-

borophene nanosheet as shown in the figure, then the M-polynomial is defined to be: 

𝑀(𝐺; 𝑥, 𝑦) = (2𝑐 + 4)𝑥3𝑦3 + (4𝑐 − 4)𝑥3𝑦4 + (4𝑟 − 4)𝑥3𝑦5 + (4𝑐 + 2𝑟)𝑥3𝑦6

+ (𝑐𝑟 − 𝑟)𝑥4𝑦4 + 4(𝑟 − 1)(𝑐 − 1)𝑥4𝑦5 + (2𝑐𝑟 − 2𝑟)𝑥4𝑦6 + (𝑐𝑟 − 𝑐)𝑥5𝑦5

+ (4𝑐𝑟 − 4𝑐)𝑥5𝑦6 

Proof: 

Consider the connectivity graph 𝐺 =  𝑆2(𝑟, 𝑐) ; 𝑟, 𝑐 ≥ 1 with |𝑉(𝐺)| = 5𝑐𝑟 +

2𝑟 and |𝐸(𝐺)| = (12𝑐 − 1)𝑟 + 𝑐 . The partition of the edge set based on the vertex degree is 

given by 𝜆(𝑘,𝑙) =  {(𝑎, 𝑏) 𝜖 𝐸(𝐺): 𝑑𝑎 = 𝑘, 𝑑𝑏 = 𝑙}. The connectivity graph of the 𝑆2-

Borophene nanosheet is illustrated in Figure 3, and the corresponding M-polynomial 

representation is shown in Figure 4. It is observed that: 

Edge partition 𝜆(3,3) 𝜆(3,4) 𝜆(3,5) 𝜆(3,6) 𝜆(4,4) 𝜆(4,5) 𝜆(4,6) 𝜆(5,5) 𝜆(5,6) 

Cardinality 2c+4 4c-4 4r-4 4c+2r cr-r 4(r-1)(c-1) 2cr-2r cr-c 4cr-4c 

By the definition of the M-polynomial, we get: 

𝑀(𝐺; 𝑥, 𝑦) = |𝜆(3,3)|𝑥3𝑦3 + |𝜆(3,4)|𝑥3𝑦4 + |𝜆(3,5)|𝑥3𝑦5 + |𝜆(3,6)|𝑥3𝑦6 + |𝜆(4,4)|𝑥4𝑦4

+ |𝜆(4,5)|𝑥4𝑦5 + |𝜆(4,6)|𝑥4𝑦6 + |𝜆(5,5)|𝑥5𝑦5 + |𝜆(5,6)|𝑥5𝑦6 

                  = (2𝑐 + 4)𝑥3𝑦3 + (4𝑐 − 4)𝑥3𝑦4 + (4𝑟 − 4)𝑥3𝑦5 + (4𝑐 + 2𝑟)𝑥3𝑦6

+ (𝑐𝑟 − 𝑟)𝑥4𝑦4 + 4(𝑟 − 1)(𝑐 − 1)𝑥4𝑦5 + (2𝑐𝑟 − 2𝑟)𝑥4𝑦6 + (𝑐𝑟 − 𝑐)𝑥5𝑦5

+ (4𝑐𝑟 − 4𝑐)𝑥5𝑦6 

 
Figure 4. Graphical Representation of the M-polynomial for  𝑆2 borophene structure. 
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Theorem 4: For 𝐺 =  𝑆2(𝑟, 𝑐) such that 𝑟, 𝑐 ≥ 1, 

𝑀1(𝐺) =  118𝑐𝑟 −  14𝑟 −  14𝑐 

𝑀2(𝐺) = 289𝑐𝑟 −  48𝑟 −  87𝑐 +  8 

𝑀2
𝑚(𝐺) =

91𝑐

225
+

23𝑟

720
+

623𝑐𝑟

1200
+

2

45
 

𝑀3(𝐺)  = 8𝑐 +  6𝑟 +  12𝑐𝑟 −  8 

𝑅(𝐺) =
7𝑐

15
−

𝑟

4
−

√30(4𝑐 −  4𝑐𝑟)

30
−

√6(2𝑟 −  2𝑐𝑟)

12
+

9𝑐𝑟

20
+

√2(4𝑐 +  2𝑟)

6

+
√3(4𝑐 −  4)

6
+

√15(4𝑟 −  4)

15
+

√5(4𝑟 −  4)(𝑐 −  1)

10
+

4

3
 

𝑁𝑧(𝐺) =  56𝑐 +  42𝑟 +  120𝑐𝑟 −  56 

𝜒1
2

𝑁𝑧(𝐺) = 16𝑟 −  √11(4𝑐 −  4𝑐𝑟) −  2√5(2𝑟 −  2𝑐𝑟) +  3(4𝑟 −  4)(𝑐 −  1)

+  3√3(4𝑐 +  2𝑟) +  √7(4𝑐 −  4) −  16 

𝐻𝑀1(𝐺) = 1172𝑐𝑟 −  170𝑟 −  316𝑐 +  16 

𝜎(𝐺) = 32𝑐 +  22𝑟 +  16𝑐𝑟 −  16 

𝑆𝐷𝐷(𝐺) = 4𝑐 −
7𝑟

15
+

74𝑐𝑟

3
−

6

5
 

𝐴𝐵𝐶(𝐺) =
4𝑐

3
+  √14 (

2𝑐

3
+

𝑟

3
) + √15 (

2𝑐

3
−

2

3
) +  √10 (

4𝑟

5
−

4

5
)

+
√35(4𝑟 −  4)(𝑐 −  1)

10
+

2√2𝑐(𝑟 −  1)

5
+

2√3𝑟(𝑐 −  1)

3
+

√6𝑟(𝑐 −  1)

4

+
2√30𝑐(𝑟 −  1)

5
+

8

3
 

𝐺𝐴(𝐺) = 𝑐 −  𝑟 −
2√30(4𝑐 −  4𝑐𝑟)

11
−

2√6(2𝑟 −  2𝑐𝑟)

5
+  2𝑐𝑟 +

2√2(4𝑐 +  2𝑟)

3

+
4√3(4𝑐 −  4)

7
+

√15(4𝑟 −  4)

4
+

4√5(4𝑟 −  4)(𝑐 −  1)

9
+  4 

𝐻(𝐺) =
1019𝑐

1155
−

17𝑟

180
+

4883𝑐𝑟

1980
+

5

63
 

𝑆𝐶(𝐺) =
√6𝑐

3
−

2𝑟

3
+

4√7𝑐

7
−

√10𝑐

10
−

4√11𝑐

11
+

3√2𝑟

4
−

√10𝑟

5
+

4𝑐𝑟

3
−  √2 +

2√6

3
−

4√7

7

+
√2𝑐𝑟

4
+

3√10𝑐𝑟

10
+

4√11𝑐𝑟

11
+

4

3
 

𝐵1(𝐺) =  306𝑐𝑟 −  38𝑟 −  46𝑐 

𝐵2(𝐺) =  936𝑐𝑟 −  142𝑟 −  288𝑐 +  16 

𝑚𝐵1
(𝐺) =

69702842617𝑐

93669906330
+

179297𝑟

2467530
+

6324586𝑐𝑟

6769035
+

452477

6235515
 

𝑚𝐵2
(𝐺) =

2327𝑐

3780
+

271𝑟

5040
+

9943𝑐𝑟

15120
+

32

315
 

𝐻𝐵(𝐺) =
69702842617𝑐

46834953165
+

179297𝑟

1233765
+

12649172𝑐𝑟

6769035
+

904954

6235515
 

Proof: 

Similar to proof of Theorem 2. 
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3.3. 𝑆3 Borophene structure. 

 
Figure 5. Edge partition of  𝑆3 borophene structure. 

Theorem 5: Let 𝐺 =  𝑆3(𝑟, 𝑐) such that 𝑟, 𝑐 ≥ 1 be the connectivity graph of the S3-

borophene nanosheet, as shown in the figure, then the M-polynomial is defined to be: 

𝑀(𝐺; 𝑥, 𝑦) = (6𝑐 + 4)𝑥3𝑦3  +  (4𝑐 − 4)𝑥3𝑦4  + (6𝑟 + 8𝑐 − 4)𝑥3𝑦5

+  (2𝑟𝑐 − 𝑟 − 𝑐)𝑥4𝑦4  +  (12𝑐𝑟 − 10𝑐 − 6𝑟 + 4)𝑥4𝑦5  +  (4𝑐𝑟 − 4𝑐)𝑥5𝑦5 

Proof: 

Consider the connectivity graph 𝐺 =  𝑆3(𝑟, 𝑐) ; 𝑟, 𝑐 ≥ 1 with |𝑉(𝐺)| = 8𝑐𝑟 + 4𝑐 and 

|𝐸(𝐺)| = 18𝑐𝑟 − 𝑟 + 3𝑐 . The partition of the edge set based on the vertex degree is given by 

𝜆(𝑘,𝑙) =  {(𝑎, 𝑏) 𝜖 𝐸(𝐺): 𝑑𝑎 = 𝑘, 𝑑𝑏 = 𝑙}. The connectivity graph of the 𝑆3-Borophene 

nanosheet is illustrated in Figure 5, and the corresponding M-polynomial representation is 

shown in Figure 6. It is observed that: 

Edge partition 𝜆(3,3) 𝜆(3,4) 𝜆(3,5) 𝜆(4,4) 𝜆(4,5) 𝜆(5,5) 

Cardinality 6c+4 4c-4 6r+8c-4 2cr-r-c 12cr-10c-6r+4 4cr-4c 

By the definition of the M-polynomial, we get,  

𝑀(𝐺; 𝑥, 𝑦) = |𝜆(3,3)|𝑥3𝑦3 + |𝜆(3,4)|𝑥3𝑦4 + |𝜆(3,5)|𝑥3𝑦5 + |𝜆(4,4)|𝑥4𝑦4 + |𝜆(4,5)|𝑥4𝑦5

+ |𝜆(5,5)|𝑥5𝑦5 

                  = (6𝑐 + 4)𝑥3𝑦3 + (4𝑐 − 4)𝑥3𝑦4 + (6𝑟 + 8𝑐 − 4)𝑥3𝑦5 + (2𝑐𝑟 − 𝑟 − 𝑐)𝑥4𝑦4

+ (12𝑐𝑟 − 10𝑐 + 6𝑟 + 4)𝑥4𝑦5 + (4𝑐𝑟 − 4𝑐)𝑥5𝑦5 

 
Figure 6. Graphical representation of the M-polynomial for  𝑆3 borophene structure. 

Theorem 6: For 𝐺 =  𝑆3(𝑟, 𝑐) such that 𝑟, 𝑐 ≥ 1, 

𝑀1(𝐺) =  164𝑐𝑟 −  14𝑟 −  10𝑐 

𝑀2(𝐺) =  372𝑐𝑟 −  46𝑟 −  94𝑐 +  8 

𝑀2
𝑚(𝐺) =

973𝑐

1200
+  

3𝑟

80
 +

177𝑐𝑟

200
+

2

45
 

𝑀3(𝐺)  =  10𝑐 +  6𝑟 +  12𝑐𝑟 −  8 
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𝑅(𝐺) =
19𝑐

20
−

𝑟

4
+

13𝑐𝑟

10
+

√15(8𝑐 +  6𝑟 −  4)

15
+

√3(4𝑐 −  4)

6

−
√5(10𝑐 +  6𝑟 −  12𝑐𝑟 −  4)

10
+

4

3
 

𝑁𝑧(𝐺) =  −56 +  42𝑟 +  108𝑐𝑟 +  66𝑐 

𝜒1
2

𝑁𝑧(𝐺) =  2𝑐 +  6𝑟 +  36𝑐𝑟 +  √7(4𝑐 −  4) −  4 

𝐻𝑀1(𝐺) = 1500𝑐𝑟 −  166𝑟 −  350𝑐 +  16 

𝜎(𝐺) = 26𝑐 +  18𝑟 +  12𝑐𝑟 −  16 

𝑆𝐷𝐷(𝐺) =
239𝑐

30
 −

7𝑟

10
+  

183𝑐𝑟

5
−

6

5
 

𝐴𝐵𝐶(𝐺) =  4𝑐 −  
2√2

5
(4𝑐 − 4𝑐𝑟) +

√10

5
 (8𝑐 +  6𝑟 −  4) +

√15

6
 (4𝑐 −  4)

−  
√35

10
(10𝑐 +  6𝑟 −  12𝑐𝑟 −  4) −  

√6

4
(𝑐 +  𝑟 −  2𝑐𝑟) +  

8

3
 

𝐺𝐴(𝐺) =  𝑐 −  𝑟 +  6𝑐𝑟 + 
√15

4
(8𝑐 +  6𝑟 −  4) +  

4√3

7
(4𝑐 −  4)

−  
4√5

9
(10𝑐 +  6𝑟 −  12𝑐𝑟 −  4) +  4 

𝐻(𝐺) =
1019𝑟

1155
−  

17𝑐

180
+  

4883𝑐𝑟

1980
+

5

63
{Citation} 

𝑆𝐶(𝐺)  =  
7√2

4
𝑐 −  2𝑟 −  

10𝑐

3
 + √6𝑐 +

4√7

7
𝑐 −  

2√10

5
𝑐 +  

5√2

4
𝑟 +  4𝑐𝑟 − √2 +  

2√6

3

−  
4√7

7
(4 +  

√2

2
𝑐𝑟 +  

2√10

5
𝑐𝑟 +

4

3
 

𝐵1(𝐺) =  420𝑐𝑟 −  38𝑟 −  42𝑐 

𝐵2(𝐺) =  1172𝑐𝑟 −  138𝑟 −  330𝑐 +  16 

𝑚𝐵1
(𝐺) =

64590241𝑐

43648605
+

121𝑟

1482
+

632𝑐𝑟

399
+

452477

6235515
 

𝑚𝐵2
(𝐺) =

1577𝑐

1260
+

9𝑟

140
+

239𝑐𝑟

210
+

32

315
 

𝐻𝐵(𝐺) =
129180482𝑐

43648605
+

121𝑟

741
+

1264𝑐𝑟

399
+

904954

6235515
 

Proof: 

Similar to proof of Theorem 2. 

3.4. 𝑆4 borophene structure. 

 
Figure 7. Edge partition of  𝑆4 borophene structure. 
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Theorem 7: Let 𝐺 =  𝑆4(𝑟, 𝑐) such that 𝑟, 𝑐 ≥ 1 be the connectivity graph of the S4-

borophene nanosheet as shown in the figure, then the M-polynomial is defined to be: 

𝑀(𝐺; 𝑥, 𝑦) = (4𝑟 + 2𝑐)𝑥3𝑦3 +  (2𝑟 − 2)𝑥3𝑦4 +  (2𝑟 + 4𝑐 − 2)𝑥3𝑦5

+  (6𝑟 + 4𝑐 − 2)𝑥3𝑦6  +  (4𝑐𝑟 − 3𝑟 − 4𝑐 + 3)𝑥4𝑦4

+  (4𝑐𝑟 − 2𝑟 − 4𝑐 + 2)𝑥4𝑦5 + (4𝑐𝑟 − 2𝑟 − 4𝑐 + 2)𝑥4𝑦6  

+  (4𝑐𝑟 − 3𝑟)𝑥5𝑦5 +  (8𝑐𝑟 − 4𝑟)𝑥5𝑦6 

Proof: 

Consider the connectivity graph 𝐺 =  𝑆4(𝑟, 𝑐) ; 𝑟, 𝑐 ≥ 1 with |𝑉(𝐺)| = 10𝑐𝑟 + 2𝑟 and 

|𝐸(𝐺)| = 24𝑐𝑟 − 2𝑐 + 1. The partition of the edge set based on the vertex degree is given 

by 𝜆(𝑘,𝑙) =  {(𝑎, 𝑏) 𝜖 𝐸(𝐺): 𝑑𝑎 = 𝑘, 𝑑𝑏 = 𝑙}. The connectivity graph of the 𝑆4-borophene 

nanosheet is illustrated in Figure 7 and the corresponding M-polynomial representation is 

shown in Figure 8. It is observed that: 
Edge 

partition 
𝜆(3,3) 𝜆(3,4) 𝜆(3,5) 𝜆(3,6) 𝜆(4,4) 𝜆(4,5) 𝜆(4,6) 𝜆(5,5) 𝜆(5,6) 

Cardinality 4r+2c 2r-2 2r+4c-2 6r+4c-2 4cr-3r-4c+3 4cr-2r-4c+2 4cr-2r-4c+2 4cr-3r 8cr-4r 

By the definition of the M-polynomial, we get,  

𝑀(𝐺; 𝑥, 𝑦) = |𝜆(3,3)|𝑥3𝑦3 + |𝜆(3,4)|𝑥3𝑦4 + |𝜆(3,5)|𝑥3𝑦5 + |𝜆(3,6)|𝑥3𝑦6 + |𝜆(4,4)|𝑥4𝑦4

+ |𝜆(4,5)|𝑥4𝑦5 + |𝜆(4,6)|𝑥4𝑦6 + |𝜆(5,5)|𝑥5𝑦5 + |𝜆(5,6)|𝑥5𝑦6 

                     = (4𝑟 + 2𝑐)𝑥3𝑦3 +  (2𝑟 − 2)𝑥3𝑦4 +  (2𝑟 + 4𝑐 − 2)𝑥3𝑦5

+  (6𝑟 + 4𝑐 − 2)𝑥3𝑦6  +  (4𝑐𝑟 − 3𝑟 − 4𝑐 + 3)𝑥4𝑦4

+  (4𝑐𝑟 − 2𝑟 − 4𝑐 + 2)𝑥4𝑦5 + (4𝑐𝑟 − 2𝑟 − 4𝑐 + 2)𝑥4𝑦6  

+  (4𝑐𝑟 − 3𝑟)𝑥5𝑦5 +  (8𝑐𝑟 − 4𝑟)𝑥5𝑦6 

 
Figure 8. Graphical representation of the M-polynomial for  𝑆4 borophene structure. 

Theorem 8: For 𝐺 =  𝑆4(𝑟, 𝑐) such that 𝑟, 𝑐 ≥ 1, 

𝑀1(𝐺) =  236𝑐𝑟 −  28𝑟 −  28𝑐 +  14 

𝑀2(𝐺) = 580𝑐𝑟 −  133𝑟 −  90𝑐 +  46 

𝑀2
𝑚(𝐺) =

17𝑐

180
+

1633𝑟

3600
+

313𝑐𝑟

300
−

29

720
 

𝑀3(𝐺) =  8𝑐 +  14𝑟 +  20𝑐𝑟 −  6 

𝑅(𝐺) =
9𝑐𝑟

5
−

𝑟

60
−

√30(4𝑟 −  8𝑐𝑟)

30
−

𝑐

3
+

√2(4𝑐 +  6𝑟 −  2)

6
+

√15(4𝑐 +  2𝑟 −  2)

15

−
√5(4𝑐 +  2𝑟 −  4𝑐𝑟 −  2)

10
−

√6(4𝑐 +  2𝑟 −  4𝑐𝑟 −  2)

12
+

√3(2𝑟 −  2)

6

+  
3

4
 

𝑁𝑧(𝐺) =  −42 +  106𝑟 +  204𝑐𝑟 +  56𝑐 
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𝜒1
2

𝑁𝑧(𝐺) =  4𝑐 +  2𝑟 − √11(4𝑟 −  8𝑐𝑟) +  12𝑐𝑟 +  3√3(4𝑐 +  6𝑟 −  2)

−  2√5(4𝑐 +  2𝑟 −  4𝑐𝑟 −  2) +  √7(2𝑟 −  2) −  2 

𝐻𝑀1(𝐺) = 2348𝑐𝑟 −  482𝑟 −  328𝑐 +  166 

𝜎(𝐺) =  32𝑐 +  50𝑟 +  28𝑐𝑟 −  18 

𝑆𝐷𝐷(𝐺) =
47𝑟

15
−

9𝑐

5
+

737𝑐𝑟

15
+

11

15
 

𝐴𝐵𝐶(𝐺) =
4𝑐

3
+

8𝑟

3
−

2√2(3𝑟 −  4𝑐𝑟)

5
−

√3(4𝑐 +  2𝑟 −  4𝑐𝑟 −  2)

3

+
√10(4𝑐 +  2𝑟 −  2)

5
+

√14(4𝑐 +  6𝑟 −  2)

6
−

√6(4𝑐 +  3𝑟 −  4𝑐𝑟 −  3)

4

−
√35(4𝑐 +  2𝑟 −  4𝑐𝑟 −  2)

10
+

√15(2𝑟 −  2)

6
−

√30(4𝑟 −  8𝑐𝑟)

10
 

𝐺𝐴(𝐺) =  8𝑐𝑟 −  2𝑟 −
2√30(4𝑟 −  8𝑐𝑟)

11
−  2𝑐 +

2√2(4𝑐 +  6𝑟 −  2)

3

+
15

1
2 ∗ (4 ∗ 𝑐 +  2 ∗ 𝑟 −  2)

4
−

4√5(4𝑐 +  2𝑟 −  4𝑐𝑟 −  2)

9

−
2√6(4𝑐 +  2𝑟 −  4𝑐𝑟 −  2)

5
+

4√3(2𝑟 −  2)

7
+  3 

𝐻(𝐺) =
2263𝑟

2772
−

2𝑐

15
+

2447𝑐𝑟

495
+

11

140
 

𝑆𝐶(𝐺) =
4𝑟

3
+

√6𝑐

3
−

2√10𝑐

5
−

√2𝑟

4
+

2√6𝑟

3
+

2√7𝑟

7
−

√10𝑟

2
−

4√11𝑟

11
+

4𝑐𝑟

3
+

√2

4
−

2√7

7

+
√10

5
+ √2𝑐𝑟 +

4√10𝑐𝑟

5
+

8√11𝑐𝑟

11
 

𝐵1(𝐺) =  612𝑐𝑟 −  84𝑟 −  76𝑐 +  38 

𝐵2(𝐺) =  1876𝑐𝑟 −  426𝑟 −  272𝑐 +  138 

𝑚𝐵1
(𝐺) =

240088𝑐

1233765
+

79307744291𝑟

93669906330
+

12692527𝑐𝑟

6769035
−

19761362

230714055
 

𝑚𝐵2
(𝐺) =

443𝑐

2520
+

307𝑟

432
+

2003𝑐𝑟

1512
−

359

5040
 

𝐻𝐵(𝐺) =
480176𝑐

1233765
+

79307744291𝑟

46834953165
+

25385054𝑐𝑟

6769035
−

39522724

230714055
 

Proof: 

Similar to proof of Theorem 2. 

3.5. 𝑆5 borophene structure. 

 
Figure 9. Edge partition of  𝑆5 borophene structure. 
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Theorem 9: Let 𝐺 =  𝑆5(𝑟, 𝑐) such that 𝑟, 𝑐 ≥ 1 be the connectivity graph of the S5-

borophene nanosheet, as shown in the figure, then the M-polynomial is defined to be: 

𝑀(𝐺; 𝑥, 𝑦) = (4𝑟 + 2𝑐 + 2)𝑥3𝑦3  +  (8𝑟 + 4𝑐 − 2)𝑥3𝑦5  + (8𝑟 + 4𝑐)𝑥3𝑦6

+  (18𝑐𝑟 − 10𝑟 − 5𝑐 + 2)𝑥5𝑦5 +  (24𝑐𝑟 − 8𝑟 − 4𝑐)𝑥5𝑦6 

Proof: 

Consider the connectivity graph 𝐺 =  𝑆5(𝑟, 𝑐) ; 𝑟, 𝑐 ≥ 1 with |𝑉(𝐺)| = 16𝑐𝑟 + 4𝑟 +

2𝑐 and |𝐸(𝐺)| = 42𝑐𝑟 + 𝑐 + 2𝑟. The partition of the edge set based on the vertex degree is 

given by 𝜆(𝑘,𝑙) =  {(𝑎, 𝑏) 𝜖 𝐸(𝐺): 𝑑𝑎 = 𝑘, 𝑑𝑏 = 𝑙}. The connectivity graph of the 𝑆5-borophene 

nanosheet is illustrated in Figure 9 and the corresponding M-polynomial representation is 

shown in Figure 10. It is observed that: 

Edge partition 𝜆(3,3) 𝜆(3,5) 𝜆(3,6) 𝜆(5,5) 𝜆(5,6) 

Cardinality 4r+2c+2 8r+4c-2 8r+4c 18cr-10r-5c+2 24cr-8r-4c 

By the definition of the M-polynomial, we get,  

𝑀(𝐺; 𝑥, 𝑦) = |𝜆(3,3)|𝑥3𝑦3 + |𝜆(3,5)|𝑥3𝑦5 + |𝜆(3,6)|𝑥3𝑦6 + |𝜆(5,5)|𝑥5𝑦5 + |𝜆(5,6)|𝑥5𝑦6 

                    = (4𝑟 + 2𝑐 + 2)𝑥3𝑦3  +  (8𝑟 + 4𝑐 − 2)𝑥3𝑦5  + (8𝑟 + 4𝑐)𝑥3𝑦6

+  (18𝑐𝑟 − 10𝑟 − 5𝑐 + 2)𝑥5𝑦5 +  (24𝑐𝑟 − 8𝑟 − 4𝑐)𝑥5𝑦6 

 
Figure 10. Graphical representation of the M-polynomial for  𝑆5 borophene structure. 

Theorem 10: For 𝐺 =  𝑆5(𝑟, 𝑐) such that 𝑟, 𝑐 ≥ 1, 

𝑀1(𝐺) =  444𝑐𝑟 −  28𝑟 −  14𝑐 +  16 

𝑀2(𝐺) = 1170𝑐𝑟 −  190𝑟 −  95𝑐 +  38 

𝑀2
𝑚(𝐺) =

17𝑐

45
+

34𝑟

45
+

38𝑐𝑟

25
+

38

225
 

𝑀3(𝐺) =  16𝑐 +  32𝑟 +  24𝑐𝑟 −  4 

𝑅(𝐺) =
18𝑐𝑟

5
−

2𝑟

3
−

𝑐

3
+

√2(4𝑐 +  8𝑟)

6
+

√15(4𝑐 +  8𝑟 −  2)

15
−

√30(4𝑐 +  8𝑟 −  24𝑐𝑟)

30

+
16

15
 

𝑁𝑧(𝐺) =  128𝑐 +  256𝑟 +  264𝑐𝑟 −  32 

𝜒1
2

𝑁𝑧(𝐺) = 16𝑐 +  32𝑟 +  3√3(4𝑐 +  8𝑟) −  √11(4𝑐 +  8𝑟 −  24𝑐𝑟) −  8 

𝐻𝑀1(𝐺) =  4704𝑐𝑟 −  664𝑟 −  332𝑐 +  144 

𝜎(𝐺) =  48𝑐 +  96𝑟 +  24𝑐𝑟 −  8 

𝑆𝐷𝐷(𝐺) =
74𝑐

15
+

148𝑟

15
+

424𝑐𝑟

5
+

52

15
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𝐴𝐵𝐶(𝐺) =
4𝑐

3
+

8𝑟

3
−

2√2(5𝑐 +  10𝑟 −  18𝑐𝑟 −  2)

5
+

√10(4𝑐 +  8𝑟 −  2)

5

+
√14(4𝑐 +  8𝑟)

6
−

√30(4𝑐 +  8𝑟 −  24𝑐𝑟)

10
+

4

3
 

𝐺𝐴(𝐺) =  18𝑐𝑟 −  6𝑟 −  3𝑐 +
2√2(4𝑐 +  8𝑟)

3
+

√15(4𝑐 +  8𝑟 −  2)

4

−
2√30(4𝑐 +  8𝑟 −  24𝑐𝑟)

11
+  4 

𝐻(𝐺) =
82𝑐

99
+

164𝑟

99
+

438𝑐𝑟

55
+

17

30
     

𝑆𝐶(𝐺) =
4𝑐

3
+

8𝑟

3
+

√6(2𝑐 +  4𝑟 +  2)

6
+

√2(4𝑐 +  8𝑟 −  2)

4

−
√10(5𝑐 +  10𝑟 −  18𝑐𝑟 −  2)

10
−

√11(4𝑐 +  8𝑟 −  24𝑐𝑟)

11
 

𝐵1(𝐺) =  1164𝑐𝑟 −  92𝑟 −  46𝑐 +  40 

𝐵2(𝐺) = 3816𝑐𝑟 −  608𝑟 −  304𝑐 +  112 

𝑚𝐵1
(𝐺) =

688717𝑐

976430
+

688717𝑟

488215
+

7201𝑐𝑟

2639
+

817

2730
 

𝑚𝐵2
(𝐺) =

2123𝑐

3780
+

2123𝑟

1890
+

169𝑐𝑟

90
+

23

90
 

𝐻𝐵(𝐺) =
688717𝑐

488215
+

1377434𝑟

488215
+

14402𝑐𝑟

2639
+

817

1365
 

Proof: 

Similar to proof of Theorem 2. 

4. Quantitative Structure Property Relationship 

Of all the values, the numerical values corresponding to 𝑟 = 4 and 𝑐 = 4 for each of 

the degree-based descriptors of the Borophene sheet are considered for further study, as this 

combination represents the complete structural configuration of the sheet and captures the 

dominant degree interactions present in the lattice. These values also provide a comprehensive 

and representative characterization of the underlying structure, making it suitable for 

subsequent correlation and analysis. Further, the mechanical properties such as Young’s 

modulus (Y), Poisson’s ratio (P), strain at ultimate tensile strength (STS), and ultimate tensile 

strength (UTS) are considered. The values of Y, P, STS, and UTS [28] are given in Table 2. 

Table 2. Mechanical properties of 𝑆1−5 borophene structure. 
 Y P STS UTS 

S1 382 -0.010 0.105 22.80 

S2 190 +0.018 0.200 19.97 

S3 208 +0.110 0.210 19.91 

S4 186 +0.260 0.140 15.65 

S5 214 +0.200 0.210 14.84 

The correlation coefficient (R) between the mechanical properties and the degree-based 

topological indices of the Borophene nanosheets for 𝑟 = 4 and 𝑐 = 4 is calculated and given 

in Table 3. Based on the correlation coefficient (R), it is found that the third Zagreb index 

𝑀3(𝐺) is the best fit for the Young’s modulus (Y), Sigma index 𝜎(𝐺) for Poisson’s ratio (P), 
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Modified Second-k Banhatti index 𝑚𝐵2
(𝐺) for strain at ultimate tensile strength (STS) and 

Sigma index 𝜎(𝐺) for Ultimate tensile strength (UTS). 

Table 3. Correlation coefficient (R). 

 Y P STS UTS 

𝑀1(𝐺) -0.254 0.669 0.342 -0.810 

𝑀2(𝐺) -0.171 0.615 0.280 -0.768 

𝑀2
𝑚(𝐺) -0.516 0.806 0.533 -0.884 

𝑀3(𝐺) -0.560 0.822 0.447 -0.961 

𝑅(𝐺) -0.426 0.766 0.471 -0.872 

𝑁𝑧(𝐺) -0.517 0.798 0.410 -0.950 

𝜒1
2

𝑁𝑧(𝐺) -0.539 0.794 0.479 -0.941 

𝐻𝑀1(𝐺) -0.176 0.619 0.280 -0.771 

𝜎(𝐺) -0.525 0.823 0.308 -0.965 

𝑆𝐷𝐷(𝐺) -0.345 0.724 0.406 -0.851 

𝐴𝐵𝐶(𝐺) -0.370 0.737 0.430 -0.857 

𝐺𝐴(𝐺) -0.335 0.716 0.406 -0.843 

𝐻(𝐺) -0.424 0.765 0.471 -0.870 

𝑆𝐶(𝐺) -0.380 0.742 0.438 -0.859 

𝐵1(𝐺) -0.241 0.661 0.332 -0.805 

𝐵2(𝐺) -0.158 0.607 0.266 -0.761 

𝑚𝐵1
(𝐺) -0.516 0.806 0.532 -0.885 

𝑚𝐵2
(𝐺) -0.540 0.814 0.550 -0.883 

𝐻𝐵(𝐺) -0.516 0.806 0.532 -0.885 

Further regression models are employed to model the respective curves. Accordingly, 

the regression models investigated in this work comprise linear, quadratic, cubic, exponential, 

and logarithmic models, as depicted in Figure 11. Owing to the limited number of borophene 

structures available, statistical indicators are treated with caution, with the primary focus on 

goodness-of-fit rather than predictive generalization. The coefficient of determination (R2) for 

the investigated regression models is presented in Table 4 and measures the proportion of 

variance in the mechanical property accounted for by the corresponding DBTI. A higher 𝑅2 

value signifies a better correlation and goodness of fit. For a specific mechanical property, the 

TI with the highest 𝑅2 value is thus identified as the most reliable predictor of the respective 

dependent variable. Besides 𝑅2, the mean absolute error (MAE) and root mean square error 

(RMSE) are also presented in Table 4. They are used to evaluate the predictive capability of 

the regression models. MAE provides a direct assessment of the average absolute difference 

between predicted and actual values, whereas RMSE emphasizes larger differences and reflects 

the overall robustness of the regression fit. Therefore, a combination of a higher 𝑅2 value and 

lower MAE and RMSE values indicates better predictive reliability of the proposed models. 
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Figure 11. Regression models. 

Table 4. Performance metrics. 

Regression Model MAE RMSE 𝑅2 

𝒀 𝒗𝒔 𝑴𝟑(𝑮) 

Linear 56.610 61.128 0.313 

Quadratic 23.059 25.792 0.878 

Cubic 05.011 07.634 0.989 

Exponential 53.025 57.248 0.398 

Logarithmic 46.774 50.512 0.531 

𝑷 𝒗𝒔 𝝈(𝑮) 

Linear 0.056 0.059 0.677 

Quadratic 0.046 0.054 0.722 

Cubic 0.038 0.047 0.795 

Exponential 0.064 0.067 0.580 

Logarithmic 0.051 0.057 0.701 

𝑺𝑻𝑺 𝒗𝒔 𝒎𝑩𝟐
(𝑮) 

Linear 0.032 0.036 0.303 

Quadratic 0.032 0.035 0.326 

Cubic 0.013 0.018 0.821 

Exponential 0.032 0.036 0.293 

Logarithmic 0.031 0.035 0.351 

𝑼𝑻𝑺 𝒗𝒔 𝝈(𝑮) 

Linear 0.714 0.776 0.932 

Quadratic 0.482 0.598 0.959 

Cubic 0.481 0.598 0.959 

Exponential 0.647 0.692 0.946 

Logarithmic 0.536 0.597 0.959 

5. Results and Discussion 

On comparing all the MAE, RSME, and R2 values, it can be seen that the cubic 

regression model represents a better fit for all the given datasets. Thus, we have the regression 

equations as follows: 

Young’s modulus(Y) vs Third Zagreb index (M3(G))  

𝑌 = −1 ∗ 10−5(𝑀3(𝐺)) 3 + 0.0142(𝑀3(𝐺)) 2 − 5.7079(𝑀3(𝐺)) + 908.51 

Poisson ratio (P) vs Sigma index (σ(G))  

𝑃 = −3 ∗ 10−9(𝜎(𝐺))3 + 5 ∗ 10−6(𝜎(𝐺))2 − 0.0024(𝜎(𝐺)) + 0.3329 

STS vs Modified Second-k Banhatti index (𝑚𝐵2
(𝐺)) 

𝑆𝑇𝑆 = 9 ∗ 10−5(𝑚𝐵2
(𝐺))3 − 0.0062(𝑚𝐵2

(𝐺))2 + 0.1349(𝑚𝐵2
(𝐺)) − 0.6997 

UTS vs Sigma index (σ(G))  

UTS = 4 ∗ 10−10(σ(G))3 + 1 ∗ 10−5(σ(G))2 − 0.0255(σ(G)) + 28.493 
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6. Conclusions 

This work introduces a new and integrative methodology to explain the mechanical 

performance of borophene nanosheets using mathematical graph theory. Using degree-based 

topological indices derived from the M-polynomial, we have established a semi-quantitative 

model that effectively relates the structural properties of borophene to its mechanical behavior. 

The examination of various topological indices reveals distinct predictive abilities for different 

mechanical parameters. The findings of the correlation indicate that the different mechanical 

properties are best represented by a single variable. That is, the third Zagreb index has the 

highest correlation with Young’s modulus; the Sigma index is the superior predictor for 

Poisson’s ratio and ultimate tensile strength, while the modified second-k Banhatti index 

exhibits the strongest correlation with strain at ultimate tensile strength. Regression analysis 

further supports the wholesomeness of this approach. Among the models tested, the cubic 

regression presented the highest coefficient of determination (R2). It shows that the relationship 

between the topological indices and borophene's mechanical properties is nonlinear. Thus, 

modeling with higher orders is more appropriate for capturing it.  

This study bridges a considerable gap between material science and theoretical 

chemistry by combining computational mechanical modeling with graph-theoretical 

descriptors. The methodology used allows efficient prediction of mechanical properties 

without relying on extensive atomistic simulations. It further offers a systematic way to 

understand the structure-property relationships arising in the 2D materials. Although the 

current analysis is based on a small number of borophene nanosheets due to the nascent state 

of the field, the proposed method provides a useful framework that can be easily expanded as 

more experimental data become available. Thus, this work provides a comprehensive 

framework for describing borophene nanosheets using TI and demonstrates their effectiveness 

in capturing mechanical behavior. The results demonstrate the strength of interdisciplinary 

advances in driving material discovery and design. 
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