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ABSTRACT 
The binding energy (BE) and interband emission energy (IEE) of impurity doped quantum dot (QD) have been examined in absence and 
presence of noise. Special emphasis has been put on effective mass and dielectric constant of the system as they become dependent on 
dopant location. Noise employed is a Gaussian white noise and it is added to the system in two different pathways viz. additive and 
multiplicative. Anisotropy, dopant location-dependent effective mass and dielectric constant alter the magnitude of BE and IEE from 
their values in case of constant effective mass and dielectric constant. Application of noise maintains the qualitative features of BE and 
IEE profiles that have been observed in absence of noise. However, presence of noise affects their magnitude in a way that perspicuously 
depends on their pathway of application. The findings reveal elegant routes of controlling the BE and IEE of doped QD system in 
presence of noise; especially when the effective mass and dielectric constant of system heavily depend on dopant co-ordinates. 
Keywords: quantum dot; impurity; anisotropy; position-dependent effective mass, position-dependent dielectric screening function; 

Gaussian white noise. 

1. INTRODUCTION 
 Low-dimensional semiconductor systems (LDSS) such as 

quantum wells (QWLs), quantum wires (QWRs) and quantum 

dots (QDs) are characterized by stringent quantum confinement 

which is much stronger in comparison with the bulk materials. In 

consequence, LDSS possess small energy separations between the 

subband levels and large value of electric dipole matrix elements. 

Introduction of impurity (dopant) into LDSS severely modifies 

their energy level distribution and naturally the binding energy 

(BE) is also noticeably changed. Thus, regulated incorporation of 

dopant can help manipulate the BE which possesses immense 

technological importance so far as nonlinear optical (NLO) 

properties of LDSS are concerned. As a result, we envisage 

rigorous research activities on LDSS doped with impurity [1–25]. 

 Position-dependent effective mass (PDEM) of LDSS is an 

important topic that has drawn considerable attention in recent 

times. This is because of the fact that such a spatially varying mass 

leads to considerable change in the BE of the doped system (with 

respect to fixed effective mass) and thus visibly alters the NLO 

properties. In this context the works of Rajashabala and 

Navaneethakrishnan [26–28], Peter and Navaneethakrishnan [29], 

Khordad [30, 31], Qi et al. [32], Peter [33], Li et al. [34], and 

Naimi et al. [35] assume sufficient significance. 

 Dielectric screening function (DSF, ε) is of utmost 

importance as it can markedly change the BE and hence the NLO 

properties of LDSS. DSF can thus engineer the manufacturing of 

devices at desired frequencies by controlling the transitions 

associated with different electronic subbands [29]. Moreover, BE 

is also affected by position-dependent DSF (PDDSF), ε(r0), 

leading to remarkable change in the optical and magnetic 

properties of doped LDSS [26]. PDDSF assumes further 

importance in view of describing screened interactions in real 

space [36]. Hence, of late, there are several studies on PDDSF by 

Peter and Navaneethakrishnan [29], Rajashabala and 

Navaneethakrishnan [26], Latha et al. [36], Kӧksal et al. [37], 

Jayam and Navaneethakrishnan [38] and Deng et al. [39]. 

 Geometrical anisotropy is an important aspect that can 

hugely affect the BE and hence the NLO properties of LDSS. In 

reality, LDSS are mostly not at all isotropic which further 

vindicates the need of understanding how anisotropy affects BE 

and related optical properties. Experimentally, anisotropic QDs 

can be realized by chemically controlling the nanostructure aspect 

ratio [40]. Such anisotropic LDSS have generated unquestionable 

importance in view of fabrication of novel and useful 

technological devices. As a result, we find a lot of notable works 

on anisotropy in LDSS by Xie and his coworkers [40–43], 

Safarpour et. al. [44, 45] and Niculescu et al. [46], to mention a 

few. 

 Of late, we have made detailed investigations on how noise 

affects various NLO properties of impurity doped GaAs QDs with 

special emphasis on PDEM, PDDSF and anisotropy [47–49]. 

Recently, we have also worked on how interplay between 

hydrostatic pressure, temperature and noise can modulate the 

interband emission energy (IEE) of doped QD [50]. In the present 

study we meticulously investigate the profiles of BE and IEE of 

doped QD in presence of Gaussian white noise and under the 

purview of PDEM, PDDSF and anisotropy, without considering 

the effects of hydrostatic pressure and temperature. Such an 

investigation helps us understand more clearly the exclusive role 
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played by noise in shaping BE and IEE. The system under 

investigation is a 2-d QD (GaAs) containing single carrier electron 

and subject to parabolic confinement in the x − y plane. The 

dopant impurity is modeled by a Gaussian potential in the 

presence of a perpendicular magnetic field which acts as an 

additional confinement. An external static electric field has been 

applied to the system. Gaussian white noise has been applied to 

the doped QD via two different pathways i.e. additive and 

multiplicative [47–50]. The findings reveal rich interplay between 

PDEM, PDDSF, anisotropy and noise (including its mode of 

application) that ultimately designs the BE and IEE profiles. 

 

2. METHOD 
 The impurity doped QD Hamiltonian, in presence of 

external static electric field (F) applied along x and y-directions 

and spatially δ-correlated Gaussian white noise 

(additive/multiplicative) can be written as 

.  (1) 

 Under effective mass approximation,  represents the 2-d 

quantum dot without impurity having single carrier electron under 

lateral parabolic confinement in the x − y plane and in presence of 

a perpendicular magnetic field.  is the 

confinement potential with ω0 as the harmonic confinement 

frequency.  is therefore given by 

. (2) 

represents the effective mass of the electron inside the QD 

material. Using Landau gauge [A= (By, 0, 0), where A is the 

vector potential and B is the magnetic field strength],  reads 
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  being the cyclotron frequency, where c is the velocity 

of light.
2 2
0 c    can be regarded as the effective 

confinement frequency in the y-direction. Pursuing the important 

works of Xie the ratio

0





 could be defined as the anisotropy 

parameter [40, 41]. 

 impV is the Gaussian impurity (dopant) potential [47–50] 

given by 
   2 2
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impV V e
        .  0 0,x y , 0V  and 
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 are 

the site of dopant incorporation, strength of the dopant potential, 

and the spatial spread of impurity potential, respectively. γ can be 

written as γ = kε, where k is a constant and ε is the static dielectric 

constant (SDC) of the medium. 

The dopant location-dependent effective mass i.e. PDEM;  *
0m r , is 

given by [26, 29] 

 
 0* * *

0
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   (4)  

 In the above expression
2 2

0 0 0r x y  is the dopant location 

and β is a constant having value 0.01 a.u. Above form of PDEM suggests 

that the dopant is strongly bound to the dot confinement center as 

0 0r  i.e. for on-center dopants whereas  *
0m r  becomes highly 

important as 0r  i.e. for far off-center dopants. The Hermanson’s 

impurity position-dependent dielectric constant/dielectric screening 

function (PDDSF) is given by [26, 29, 36–39] 

 
0

0

1 1 1
1 exp

r

r   

        
  

,        (5) 

where ε is the SDC and α = 1.1 a.u. is the screening constant. The concept 

of SDC appears useful only for distances considerably away from the 

perturbation origin i.e. the impurity center. The choice of above form of 

PDDSF suggests that  0 1r   as  0 0r  i.e. for on-center 

dopants and approaches ε as 0r  i.e. for far off-center 

dopants. Such large 0r can be viewed as the screening radius [36]. 

 The term Vnoise [cf. eqn.(1)] stands for white noise [f(x, y)] 

which follows a Gaussian distribution (generated by Box-Muller 

algorithm), has a strength ζ and is characterized by zero-average 

and spatial δ-correlation conditions [47–50]. Such white noise can 

be introduced to the system via two different modes (pathways) 

i.e. additive and multiplicative [47–50]. These two different modes 

can be discriminated on the basis of extent of system-noise 

interaction.  

 The time-independent Schrӧdinger equation has been 

solved by generating the sparse Hamiltonian matrix (H0). The 

relevant matrix elements involve the function ψ(x, y) which is a 

superposition of the products of harmonic oscillator 

eigenfunctions. In this context sufficient numbers of basic 

functions have been included after performing the convergence 

test. H0 is diagonalized afterwards in the direct product basis of 

harmonic oscillator eigenfunctions to obtain the energy levels and 

wave functions. BE (EB) for the ground state is defined as the 

difference between the ground state energies in absence and in 

presence of impurity and is given by 

0BE E E  ,     (6) 

where E0 is the ground state energy in absence of impurity and E is 

the same in presence of impurity. Following the works of Xia et 

al. [51, 52] and Revathi et al. [53] we can define IEE (Eph) 

as 0ph g BE E E E   ,     (7) 

where Eg is the band-gap energy of GaAs QD and is equal to ∼ 

1400 meV. 
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3. RESULTS AND DISCUSSION 

 The calculations are performed using the following 

parameters: the static dielectric constant (SDC): ε = 12.4, the fixed 

effective mass (FEM):
*

00.067m m  ( 0m is the free electron 

mass), confinement potential: ~ 0  = 250.0 meV, electric field 

strength: F = 100 KV/cm, magnetic field strength: B = 20.0 T, 

noise strength: ζ = 1.0 × 10−8, and dopant potential: V0 = 280.0 

meV. The parameters are suitable for GaAs QDs. 

3.1. Role of anisotropy (η). 

 Figure 1a shows the pattern of variations of BE with 

anisotropy parameter η in absence of noise, in presence of additive 

noise and in presence of multiplicative noise, respectively. Under 

all conditions BE has been found to decrease with increase in 

anisotropy of the system. Similar profile has also been observed 

by Yang and Xie in absence of noise [43]. The profile indicates 

that an increase in the extent of anisotropy reduces the effective 

confinement of the system leading to fall in the binding energy. It 

has also been found that at a particular value of η the BE is lowest 

in presence of additive noise and highest in presence of 

multiplicative noise. BE under noise-free condition lies in between 

them. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1. Plots of (a) BE vs η and (b) IEE vs η: (i) in absence of noise, 
(ii) in presence of additive noise and (iii) in presence of multiplicative 
noise. 

 Figure 1b displays the similar plot for IEE. In all the plots 

IEE has been found to increase with increase in η. The expression 

of IEE [cf. eqn (7)] suggests that it is the difference between E0 

and EB which ultimately guides the IEE profile. An increase in 

anisotropy diminishes the BE of the system, which, in turn, 

enhances the E0 − EB separation leading to enhancement of IEE. 

Thus, the qualitative features of variation of IEE with η remain 

unchanged even in presence of noise regardless of its mode of 

application. The plot also reveals that at a particular η the IEE is 

lowest in presence of multiplicative noise and highest in presence 

of additive noise. IEE under noise-free condition lies in between 

them. 

3.2. Role of position-dependent effective mass  0*m r   . 

 Figure 2a exhibits the BE profiles against dopant location 

0r for fixed effective mass (FEM)  *
00.067m m and PDEM 

 *
0m r   in absence of noise and in presence of additive and 

multiplicative noise. The plots corresponding to FEM and PDEM 

are represented by dashed and solid lines, respectively. The 

profiles reveal a steady fall in the BE with increase in 0r  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2. (a) Plot of BE vs 0r : (i) using FEM under noise-free condition, 

(ii) using FEM in presence of additive noise, (iii) using FEM in presence 
of multiplicative noise, (iv) using PDEM under noise free condition, (v) 
using PDEM in presence of additive noise and (vi) using PDEM in 

presence of multiplicative noise; (b) Plot of IEE vs 0r : (i) using FEM 

under noise-free condition, (ii) using FEM in presence of additive noise, 
(iii) using FEM in presence of multiplicative noise, (iv) using PDEM 
under noise-free condition, (v) using PDEM in presence of additive noise 
and (vi) using PDEM in presence of multiplicative noise. 
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 I.e. with gradual shift of dopant from on-center to more and 

more off-center locations. Moreover, BE values with PDEM have 

been found to be greater than that with FEM. The findings of Peter 

and Navaneethakrishnan [29], Peter [33], Khordad [30] and Li et 

al. [34] also run in conformity with our observations in absence of 

noise. The observations suggest that such progressive shift of 

dopant from on-center to off-center locations diminishes the 

effective confinement of the system forcing BE to fall. Moreover, 

using PDEM, the fall in the effective confinement of the system 

with increase in 0r appears to be much less intense than with 

FEM. In consequence, we observe greater BE values in case of 

PDEM in comparison with FEM. Application of noise does not 

qualitatively change the pattern of BE profile. However, the 

magnitude of BE values in absence and presence of noise 

(including its mode of application) follows the same sequence as 

found in case of anisotropy.  

 Fig. 2b depicts the similar plot for IEE. In all the plots IEE 

has been found to increase with increase in r0. As before, the 

enhancement of 0 BE E separation with 0r  (due to drop in BE 

with shift of dopant from on-center to off-center locations) appears 

to be responsible for such an increase. Thus, the qualitative 

features of variation of IEE with 0r remain unchanged also in 

presence of noise independent of its mode of application. The 

plots further reveal higher magnitude of IEE using PDEM than 

using FEM suggesting greater 0 BE E separation in case of the 

former. The magnitude of IEE in absence and presence of noise 

(including its mode of application) maintains the same sequence as 

found in case of anisotropy. 

3.3. Role of position-dependent dielectric screening 

function  0r   . 

 Figure 3a delineates the BE profiles against dopant location 

r0 for static dielectric constant (SDC) (ε = 12.4) and PDDSF 

 0r    
in absence of noise and in presence of additive and 

multiplicative noise. The plots corresponding to SDC and PDDSF 

are represented by dashed and solid lines, respectively. The 

profiles reveal a steady decline in the BE with increase in 0r i.e. 

with progressive shift of dopant from on-center to more and more 

off-center locations. Furthermore, BE values with PDDSF have 

been found to be larger than that with SDC. We have come across 

similar observations in the works of Peter and Navaneethakrishnan 

[29] and Deng et al. [39] in absence of noise. The observations, 

therefore, indicate that such persistent shift of dopant from on-

center to off-center locations depletes the effective confinement of 

the system leading to fall of BE. Moreover, using PDDSF, the fall 

in the effective confinement of the system with increase in 

0r appears to be much more pronounced than with SDC. In 

consequence, we observe greater fall in BE values in case of 

PDDSF in comparison with SDC.  

 Application of noise does not cause any characteristic 

change of the overall pattern of BE profile. However, the 

magnitude of BE values in absence and presence of noise 

(including its mode of application) follows the same sequence as 

found earlier. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3. (a) Plot of BE vs 0r : (i) using SDC under noise-free condition, 

(ii) using SDC in presence of additive noise, (iii) using SDC in presence 
of multiplicative noise, (iv) using PDDSF under noise free condition, (v) 
using PDDSF in presence of additive noise and (vi) using PDDSF in 

presence of multiplicative noise; (b) Plot of IEE vs 0r : (i) using SDC 

under noise-free condition, (ii) using SDC in presence of additive noise, 
(iii) using SDC in presence of multiplicative noise, (iv) using PDDSF 
under noise-free condition, (v) using PDDSF in presence of additive noise 
and (vi) using PDDSF in presence of multiplicative noise. 

 Figure 3b depicts the similar plot for IEE. In all the plots 

IEE has been found to increase steadily with increase in r0. Here 

also, the enhancement of E0 − EB gap with r0 (due to drop in BE 

with shift of dopant from on-center to off-center locations) appears 

to be the key reason behind such an increase. However, the 

increase of IEE with r0 appears much more pronounced using 

PDDSF than with SDC. Thus, the qualitative features of variation 

of IEE with r0 remain unaltered even in presence of noise 

independent of its mode of application. The plots further divulge 

higher magnitude of IEE using PDDSF than using SDC 

suggesting greater 0 BE E interval in case of the former. The 

magnitude of IEE in absence and presence of noise (including its 

mode of application) retains the same sequence as found erstwhile. 
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3.4. Role of noise strength   . 

 At this point of discussion it needs to be noted that in all 

the plots BE values maintain a definite sequence viz. BE (in 

presence of multiplicative noise) >BE (in absence of noise) >BE 

(in presence of additive noise). It can therefore be inferred that, for 

a fixed extent of disorder introduced into the system, 

multiplicative noise enhances the effective confinement of the 

system over that of noise-free condition whereas additive noise 

does just the reverse. Driven by aforesaid outcome, we concentrate 

on the important aspect of how BE changes as noise strength 

  is varied over a range. Fig. 4a delineates the variation of BE 

with  log  in presence of additive [Figure 4a (i)] and 

multiplicative [Figure 4a (ii)] noise, respectively. We have varied 

noise strength over a range from 
121.0 10   to 

21.0 10   and the BE values at the lowest end of the range 

nearly correspond to those under noise-free condition.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4. Plots of (a) BE vs  log  and (b) IEE vs  log  :(i) 

in presence of additive noise and (ii) in presence of multiplicative noise. 

 It has been found that in case of additive noise BE 

decreases persistently with increase in . On the other hand, BE 

follows exactly the reverse trend with increase in  for 

multiplicative noise. It thus appears that gradual enhancement in 

the extent of noise applied to the system may deplete or amplify 

the effective confinement depending on the mode of application of 

noise and results into steadfast drop/rise in BE. The enhancement 

of effective confinement of the system using multiplicative noise 

could have its origin in the close linkage of this particular mode 

with the system coordinates. Additive noise, on the other hand, 

makes a rather weak contact with the system that results into drop 

in the effective confinement and consequently in the BE. 

 In case of IEE we find a different sequence viz. IEE (in 

presence of additive noise) >IEE (in absence of noise) >IEE (in 

presence of multiplicative noise). It can therefore be inferred that, 

for a given size of disorder fed into the system, additive noise 

enhances IEE of the system over that of noise-free condition 

whereas multiplicative noise does just the reverse. Figure 4b 

depicts the similar plot for IEE. It has been found that in case of 

additive noise IEE increases monotonically with increase in  and 

follows exactly the opposite trend for multiplicative noise. It thus 

appears that gradual enhancement in the extent of noise applied to 

the system may deplete or amplify the difference E  (i.e. 

0 BE E ) depending evidently on the mode of application of 

noise leading to persistent drop/rise in IEE. The said mode 

actually controls the extent of interaction between noise and the 

system coordinates. Since additive and multiplicative noise 

interact with the system coordinates to varied extents, the 

difference E behaves in diverse ways as noise strength 

enhances. Enhancement in noise strength augments E when 

applied in an additive mode and reduces the same in case of 

multiplicative mode. The observed IEE profile simply follows the 

change in E associated with the mode of application of noise. 
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 The BE and IEE of impurity doped QD have been 

investigated in the light of interplay between anisotropy, PDEM, 

PDDSF, and noise. It has been found that BE decreases with 
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hand, IEE becomes lowest in presence of multiplicative noise and 

highest in presence of additive noise. IEE under noise-free 

condition lies in between them. With increase in noise strength BE 

decreases in case of additive noise and increases in case of 

multiplicative noise. IEE depicts exactly the opposite behavior to 

BE with variation of noise strength. The findings are expected to 

have technological relevance. 
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