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ABSTRACT 

The sensitivity of identification of biologically active cancer cells of metal gold nanoparticles with simultaneous differentiation by X-Y 

in one equation and the derivation of the second equation of Y-density of probability p0-p1 of intersection of ellipses of Raman 

scattering of statistical values of peaks of spectra for formulation and solution of a multidimensional system of equations are estimated.  

For the probability density p0-p1 in the usual system of nonlinear equations is the intersection of the ellipses of the distribution of the 

accuracy of the solution (-2.878 ÷ -9.989)∙10-4 (r0=0.038208 and R1=0.038235). The accuracy of the solution of systems of differential 

equations of the ellipses of the distributions of XY and Y increases to (-5.2010-18 -7.5910-19). In this case, there is uncertainty in 

determining the density of the probability of intersection of ellipses and identified 2 intersection points with solutions 

p0=0.00849717886507494 and p1=0.13505614093891083. When checking solutions for graphical evaluation of intersection of the 

ellipses for the distribution of the spectra of Raman scattering was discovered a significant error at 87.2% when identifying p0 and p1. A 

numerical additive ∆=0.02152711027273521 was introduced into the differential equation for Y to eliminate uncertainty. When solving 

this system of differential equations with additive accuracy (6.94∙10-18 ÷ -1.22∙10-18) the probability density is determined with sufficient 

accuracy 5.44736660642485910-16: p0=0.03821421104129397 and p1=0.03821421104129395 
Keywords: gold nanoparticles, multi-dimensional differential system via correlation equations XY-Y polyester fiber, polarization 

spectra of Raman scattering, the accuracy of detection, the probability of intersection of the ellipses of the distribution, the accuracy of 

the identification. 

1. INTRODUCTION 

 To ensure the resolution of 10-9 - nanomolar and 10-12 - 

picomolar ability in the analysis of biological objects, it is 

necessary to use Raman spectroscopy with surface enhancement 

on gold nanoparticles [1, 2], as well as the use of mathematical 

processing of experimental data by multivariate vector - matrix 

correlation [3, 4]. Multidimensional vector-matrix correlation 

methods of data processing increase the reliability of identification 

up to 10-16 [4, 5]. 

 Raman spectroscopy with surface electromagnetic plasma 

amplification (SERS) is increasingly used in fundamental physics 

and chemistry, as well as in materials science, environmental 

sciences, biology, biophysics and medicine [6-18]. SERS can be 

used as a disease detection method capable of providing ultra-high 

sensitivity in biomolecular and chemical sensing [19]. The 

plasmon effect of SERS is detected on noble metal nanoparticles 

(Au, Ag, Pt, etc.), and the shape of these nanoparticles can be very 

diverse: from the complex shape of surfaces to aggregates of 

nanoparticles [20-23]. 

 To date, a large number of studies have been conducted on 

the high reliability and high resolution of nanostructured SERS 

nanoparticles, which can provide electromagnetic amplification 

with surface plasmon resonances and chemical amplification due 

to charge transfer processes. In addition to noble metals, graphene, 

semiconductors and transition metal oxides are beginning to be 

used for SERS as potential SERS-active substrates [16, 19, 20]. 

The combination of electromagnetic and chemical effects can 

make SERS a powerful method to detect vibrational spectra even 

from individual molecules and identify them in microfluidic 

devices of biology, chemistry and medicine. 

 In recent years, the SERS method has been widely used in 

the medical field as a powerful spectroscopy as a diagnostic tool 

for diseases, as well as the detection and monitoring of 

nanopreparations in the treatment of cancer [6, 14-16]. 

 For pre-testing of mathematical models identification of 

gold nanoparticles with the use of Raman spectroscopy uses the 

dielectric fiber: acrylic, dacron, polyester, cotton, etc. Most 

acceptable to identify the gold nanoparticles in the simplicity of 

the Raman spectrograms is polyester fiber. The most complex 

spectrogram has cotton. 

 Estimation of reliability of detection of gold nanoparticles 

on textile materials is carried out in [3, 4, 24, 25]. Since the 

presence of nano-gold slightly changes the intensity of the Raman 

spectra of polyester fiber in comparison with nanosilver, it is 

necessary to develop a new method for the formulation and 

solution of a system of multidimensional equations. Since the 

manual selection of the probability density of the intersection of 

the distribution ellipses is highly complex, the solution of the 

problem is extremely inconvenient and quite slow in time. 

 For Fig. 1 and Fig. 3 presents the results of validation for 

the solution of the problem of sensitivity with the detection of 
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densities of probabilities of the intersections of the ellipses of the 

distribution. Using eigenvalues and fundamental matrices, the 

method of generation of multivariate statistical correlation data is 

applied. Generation held for 9 peaks of the spectrum of Raman 

scattering light at the same time for fibers without and with gold 

nanoparticles [25].  The intersection of the distribution ellipses 

was estimated in a large range of the number of generated data up 

to 10 million. In this case, the intersection ellipses for any 

nonlinear transformation will be described by the normal 

multidimensional distribution law. This greatly simplifies the use 

of fundamental correlation matrices. But the use of this method is 

not enough for reliable detection of gold nanoparticles, since the 

accuracy of identification is 10-4-10-5. 

 In [3, 24, 25] the methods of preparation and analytical 

solution of a system of multidimensional nonlinear equations for 

the identification of gold nanoparticles are considered .  The 

accuracy of estimating the probability density at the point of 

intersection are identical, and the accuracy of the solution is equal 

to (-2.878 ÷ -9.989)∙10-4. To solve a system of nonlinear equations 

requires a sufficiently long manual selection of parameters.  

Therefore, such accuracy is not enough to detect gold 

nanoparticles.  

 The paper assesses the applicability of the equations to 

solve the system in the differentiation of the XY equation in the 

bundle, as well as in the differentiation of the second equations in 

y unknown analytical ellipses of probability densities p0-p1 of the 

intensity distribution of the polarization spectrum peaks of Raman 

scattering in the identification of gold nanoparticles on the surface 

of polyester fibers. 

 In this paper, in order to further use the system of quadratic 

differential correlation equations in the system of equations with a 

large number of unknowns up to 9, we propose a method of 

compiling a system of equations with only two unknowns when 

solving the problem in vector-matrix form. 

 

2. EXPERIMENTAL SECTION 

 Measurement of statistical data on the intensities of the 

spectra of polyester fibers with and without nanoparticles revealed 

the distribution parameters and correlation matrices of all 9 major 

peaks taking into account the polarization of radiation by X and Y 

(1) and Fig.1-2. 

 In [24] confirmed that the spectrograms are significantly 

different in the intensity of peaks of the spectra for polarization of 

the Raman radiation X - across the grain-and Y - along the fibers. 

In the Y direction, the peaks have intensity 2-3 times greater than 

in the X direction for both fibers without nanoparticles and fibers 

with nanoparticles. This is explained by the fact that the length of 

the Raman irradiation zone along the fibers is much longer than 

across the fibers. 

 In this paper, for gold nanoparticles due to the sufficient 

complexity of measurements on the Raman spectrometer with a 

repetition of 5-10 times for different zones of the fiber surface, the 

method of statistical data generation on mathematical 

expectations, mean square deviations (1) and correlation matrices 

(Fig. 2). 

 This stage of work is necessary for a graphical preliminary 

assessment of the intersection of the ellipses of the intensity 

distribution of the Raman spectra peaks of polyester fibers with 

and without gold nanoparticles. 

 The method of statistical data generation using double 

transformation of fundamental matrices was developed in [24]. It 

is applied to improve the accuracy simultaneously for 9 peaks in X 

and Y directions of polyester fiber with nanoparticles and without 

gold nanoparticles. The number of generated data can vary from 

12 to 10 million. 

 Figure 1 shows 48 generated Raman scattering statistics: - 

polyester fiber with gold nanoparticles Tr(n) at polarization across 

X and TrY(n) along Y fibers; - polyester fiber without gold 

nanoparticles Dr(m) at polarization across X and DrY(m) along Y 

fibers; - n and m numbers of spectral peaks. 

  

 
Figure 1.  Statistical spectral data of Raman scattering: - polyester fiber 

with gold nanoparticles Tr (n) at polarization across X and TrY(n) along Y 

fibers. 

 - polyester fiber without gold nanoparticles Dr (m) at polarization across 

X and DrY(m) along Y fibers; - n and m peak numbers. 

 

 Figure 3 shows 48 and 96 generated Raman scattering 

statistics and the tangents at the intersection of the distribution 

ellipses with gold nanoparticles and without nanoparticles. 

 In Fig.1 and Fig. 3 it can be seen that in the one-

dimensional case by projection on the X-axis (Tr(n) and Dr(m)) the 

data will completely intersect with a probability of about 1 and the 

information content of the intersection is very low.  
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 The data will intersect on the projection on the Y-axis 

(TrY(n) and Dre (m)) with probability 1/48=0.0208, and the 

information content of the intersection is very large. 

 When using a two-dimensional method of intersection of 

ellipses is taken into account the simultaneous intersection of the 

X-axis, Y-axis and the correlation between the data, therefore, the 

distribution of information will be even higher. 

 Hence, there is a need to apply multidimensional ellipsoid 

equations of order 9, taking into account the multidimensional 

correlation. 

 Figure 3a shows that data intersect only in a single case for 

48 data, and for 96 data in figure 3b occurs in several cases. 

 
Figure 2.  Correlation matrices of Raman polarization spectrograms of 

polyester fibers after drying in natural conditions in the frequency range 

54.33110см-1: a - polarization across and along the fibers with gold 

nanoparticles; b) polarization across and along fibers without gold 

nanoparticles. 

 

 The solution of the system of equations presented in Fig. 4 

and 5, tangent b at the intersection point shows that the derivatives 

will be equal for ellipses with both nanoparticles and non-

nanoparticles. 

 
Figure 3.  Statistical spectral data of Raman scattering and tangents at the 

intersection of distribution ellipses with gold nanoparticles and without 

nanoparticles:  a-48 data;  b-96 data. 

  

 There is a need to compile a system of equations obtained 

in the form of X and Y. This is a difficult task, but it makes it 

possible to improve the multidimensionality of the system of 

equations.  

 In order to significantly reduce the complexity of the 

preparation and solution of a system of nonlinear equations, it is 

necessary to apply the simultaneity of XY derivatives in the same 

system in the same equation of the derivative Y. 

 In Fig. 1, 3 and 5 defined derivative for the tangent 

equation at the intersection of statistical data y=0.675(x-411.35)+ 

1458.69. 

 The accuracy of determining the derivatives in the 

analytical determination is 10-15. In the analytical determination of 

derivatives in the equations of tangents for fibers without 

nanoparticles and with nanoparticles, they will have the following 

form: 
y0=0.6764577648523631 ·(x0-411.3526470394268) + 1458.6903699336267; 

y1=0.6764577648523626 ·(x1-411.3526470394268) + 1458.6903699336267. 

 

 
 

 

3. RESULTS SECTION 

 Preparation and solution of quadratic differential equations 

of the correlation of the random values of the distribution peaks of 

the Raman spectra of Raman radiation was conducted on the 

preliminary experiments with the use of correlation matrices and 

the parameters of the distributions taking into account the 

polarization of X - across and Y - along the fibers simultaneously 

in one measurement [24, 25]. 

 It was also found that when solving a system of differential 

correlation equations by other methods, uncertainty was obtained, 

consisting in the fact that when checking the solution for the 

graphical intersection of distribution ellipses without nanoparticles 

and with nanoparticles, two intersection points appeared. The 

values of the ellipse intersection probability densities were not 

accurate enough [3-4]. Such a solution for the identification of 

gold nanoparticles is unacceptable and can be used only for 

preliminary results.  

 When compiling a system of equations in vector-matrix 

correlation analytical expressions by the coordinates of the 

intersection points with differentiation by XY and Y, the p-density 

of the probability of intersection of the distribution ellipses is 

used. In this study, we work with a system of only two vector-

matrix analytical expressions of probability densities 

p0=g(X0T∑0-1X0) and  p1=f(XT∑1-1X) [14-16]. 

 Differential correlation equations f (x,y) and g(x,y) [4-5] 

are obtained by differentiating the original equation F (x,y) by Y 

and differentiating simultaneously by X and Y .  In the equation 

we need to introduce the additive ∆. As a result of the solution of 

the proposed system of equations, the accuracy is determined: 

f(v0, v1)= 6.94∙10-18 and g(v0, v1)= -1.22∙10 -18 (3). It shows 

obtaining precision p0 and p1 to 7.263155475233148∙10-16. The 

accuracy for estimating the intersection coordinates of the 

distribution ellipses i=4 and j=6 is also high: 














 10rXY

0rXY1
:0

j,i

j,i
                         














 11rXY

1rXY1
:1

j,i

j,i
 

                                                                                           



Multidimensional system of equations with XY-Y differentiation of probability densities  p0-p1 for identification of gold 

nanoparticles 

Page | 3655  































j

j

i

i

0Y

0MENYy

0X

0MENXx

:0X       































j

j

i

i

Y

M ENYy

X

M ENXx

:X  (2)    

 

 
 





































































 






X1X
2

1

2

1

ln
dy

d
:)y,x(f 1T

5.0

 

 

 
  72735209760215271102.00X00X

2

1

2

0

ln
dy

d 1T

5.0







































































 





 

   

   

















































































0X00X
2

1

dy

d
0X00X

2

1

dx

d

X1X
2

1

dy

d

X1X
2

1

dx

d

:)y,x(g

1T1T

1T
1T

(3) 

x:= 390.0    y:= 1500.0 

Given 

f(x,y) = 0    g(x,y)= 0 

v2:= Find(x,y) 











2676903699336.1458

2683526470394.411
2v     

f(v20,v21) = 6.9388939039072275∙10-18      

g(v20,v21) = -1.2197274440461925∙10-18 

 The probability density for the intersection point of the 

ellipses of the intensity distribution of the Raman spectra was 

determined by solving equations (4-5): 
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p0 = 0.03821421104129397                                                        

p1 = 0.03821421104129395. 

 For the usual system of intensity equations of the Raman 

spectrum peaks i=4 and j=6, the probability density will have the 

following values: p0=0.03768476300359416 and p1= 

0.03771243643792218. When the system of equations with the 

differentiation with respect to X to get the peaks of the Raman 

spectrum of i=4 and j=6 probability density 

p0=0.03821413373638296 and p1=0.03821413373638301. With a 

system of equations with differentiation by Y, we obtain for the 

peaks of the Raman spectrum i=4 and j=6 the probability density 

p0=0.03777989496468339 and p1= 0.03777974849915652. 

 
Figure 4.  Graphical evaluation of the intersection of the ellipses of the 

Raman spectra distribution in the identification of nanoparticles in 

polarization Y-along and X-across fibers with differentiation by XY-Y 

with the result of solving the system of equations 

p0=0.03821421104129397 and p1=0.03821421104129395: a-general 

view, b-enlarged fragment of the area of intersection of distribution 

ellipses. 

 
Figure 5.  The intersection of the ellipses of the density probability 

distribution of the intensities of the Raman spectra c of the tangent at the 

point of intersection: a-general view;  b - enlarged fragment of the region 

of intersection of the ellipses of the distribution of the coordinates of the 

intersection X=411.3526470394268, Y=1458.6903699336267.  

 

 

4. CONCLUSIONS 

 In assessing the numerical solution of differential equations 

(1-5) revealed high accuracy in the results in a large range of 

initial parameters x=100 ÷ 412 and y=1470 ÷ 5500 with stable 

parameters of the solution results.  

 The obtained values of the coordinates of the intersection 

of the distribution ellipses X=411.3526470394268, 

Y=1458.6903699336267 is highly accurate and does not depend 

on the initial values of the parameters X and Y in the specified 

range.  

 The practically required accuracy of the results depends on 

the sensitivity of the developed method of identification of gold 

nanoparticles. In order to ensure the resolution of 1-2% of the 

concentration of gold nanoparticles on the fibers, it is necessary to 

process the results with an accuracy of (1-2)10-4, and the accuracy 

of obtaining the value of each parameter (1-2)10-6. For reliable 

detection of a nanoparticle, the accuracy of solving the system of 

equations 10-12 - 10-16 is required. 

In this paper, the accuracy of the solution (3)  

f(v0, v1) = 6.938893903907227510-18 and g(v0, v1) = -

1.219727444046192510-18 for the initial given parameters x=390, 

y=1500 is revealed. At initial set parameters x=412, y=1470 the 

accuracy of the solution is: f(v0, v1)= 6.938893903907227510-18 

and g (v0, v1)= 9.7578195523695410-19. 

 The accuracy of the solution for the system of nonlinear 

equations for the probability densities p0 and p1 of the intersection 

of the distribution ellipses is (-2.878 ÷ -9.989)∙10-4 (p0=0.038208 

and p1=0.038235).  When using systems of differential equations 

XY-Y ellipses of distributions, the accuracy of the solution is 
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increased to (-5.2010-18 ÷ -7.5910-19). In this case, there is 

uncertainty in determining the radius of intersection of ellipses and 

finding solutions found 2 intersection points 

p0=0.00849717886507494 and  

p1= 0.13505614093891083. A sufficiently large error of 87.2% of 

the determination of p0 and p1 was revealed when checking the 

solution for the graphical evaluation of the intersection of ellipses 

of the distribution of these Raman spectra. A numerical additive 

∆=0.021527110273520976 was introduced into the differential 

equation for Y to eliminate uncertainty. The accuracy of the 

solution of this system of differential equations is  

(-1.219727444046192510-18 ÷ 6.938893903907227510-18) with 

the probability density of p0=0.03821421104129397 and 

p1=0.03821421104129395 with their accuracy 

5.44736660642485910-16. 

 The objectives of further research are: to develop a method 

for solving the system of equations for differentiation jointly along 

the X , Y and Z axes, with the number of unknown parameters 

more than two; to assess the reliability of the identification of gold 

nanoparticles on polyester fibers using multidimensional 

differentiation by X, Y and Z simultaneously with the study of 

two, three peaks of the spectrum. 
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